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Abstract
This thesis is about the use of a novel, exact functional quantization method as
applied to two commonly studied actions in theoretical physics. The functional
method in question has its roots in the exact renormalisation group flow techniques
pioneered by Wilson, but with the flow parameter not limited to the familiar
momentum cutoff. Finding a configuration satisfying an expression for the exact
effective action which does not vary with this parameter provides the basis for
finding solutions to the physical actions we study.
Firstly, the method is applied to an expression for the bare action of the pseudo-
scalar axion used to explain the strong CP problem in QCD. When quantized, we
find that the effective potential of the axion, when interactions are not considered,
is necessarily flattened by spinodal instability effects. We regard this flattening as
representing the very early stage in the development of the axion potential, when
the Peccei-Quinn U(1) symmetry is spontaneously broken resulting in a double-well
potential. Using commonly quoted values for the parameters of such a potential,
we devise an expression for the energy density of the emerging axion potential and
this is compared to dark energy.
We then apply the functional method to the bosonic string with time varying
graviton, dilaton and antisymmetric tensor (resulting in the string-axion) back-
ground fields. We achieve a demonstration of conformal invariance in a non-
perturbative manner in the beta functions, contrasting with conventional string
cosmology where cancellation of a perturbative expansion is performed. We then
3offer some hints as to possible cosmological implications of our configuration in
terms of optical anisotropy.
The research is closely related to the following three published papers.
• Non-perturbative string backgrounds and axion induced optical
activity, J. Alexandre, N. E. Mavromatos and D. Tanner; published in New
Journal of Physics 10, 2008, hep-th/0708.1154
• Antisymmetric-tensor and electromagnetic effects in an α′-non-
perturbative four-dimensional string cosmology, J. Alexandre, N. E.
Mavromatos and D. Tanner; published in Phys. Rev. D 78, 2008, hep-
th/0804.2353
• Quantization leading to a natural flattening of the axion potential,
J. Alexandre and D. Tanner; published in Phys. Rev. D 82, 2010, hep-
th/1003.6049
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Chapter 1
Introduction
1.1 Motivation and Context
This thesis is made up of two parts, one dealing with the behaviour of the QCD-
axion under quantization, and the other dealing with the axion evident in the
bosonic string through the antisymmetric tensor field. The uniting feature of
both components of the thesis is the use of a functional method to derive non-
perturbative evolution expressions for the effective actions: of the QCD-axion; and
the bosonic string. Deriving expressions which may be compared to experimental
results in particle physics typically involves commencing with a suitable bare
action describing the theory; and then quantizing this (e.g. using path integral
methods) and identifying and managing the divergences using a regularisation
and/or renormalisation scheme. The result is usually expressed in a perturbative
expansion with terms defined by increasing powers of a small parameter (such as
h¯ or a small coupling). In a useful effective theory, the higher order expansion
terms in the series may be neglected in the low energy regime. However the use
of perturbative methods may be limited in certain theories or energy regimes.
For example, it is impossible to describe confinement in QCD with perturbative
expansions, which are valid only at high energies. For this reason, it is useful to
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investigate the the infrared regime of a theory, using a non-perturbative approach
such as the Exact Renormalisation Group (ERG). The so-called Wegner-Houghton
equation, derived in ERG theory, is built on Wilsonian renormalisation group
methods where the behaviour of the parameters of the effective theory with energy
level k is studied, where k is some energy scale less than the high energy cutoff of
the theory (termed Λ in this thesis, Section (2.3)). The renormalisation group is
the set of transformations k → k+δk in which the full quantum theory is described
as k → 0 and the higher energy field degrees of freedom are integrated out leaving
any cutoff dependence in the infrared regime. The Wegner-Houghton approach
takes the limit δk
k
→ 0 and results in an exact expression for the evolution of the
effective action with k, at constant field configuration, which we derive in Appendix
A. The method used in this thesis is outlined in Section (2.3.3). A key difference
between our method and the Wegner-Houghton approach is that that the evolution
parameter is not the energy scale k, but another parameter of the theory which
when varied can be used to describe the evolution of the theory from classical (bare)
to fully quantized, a feature which is desirable for example in string theory which is
assumed to be scale invariant. We apply this new, non-perturbative method to two
well known bare actions, both of which are outside the standard model and both
of which may be important at high energy scales, potentially near the Planck scale.
The QCD-axion was postulated by Peccei-Quinn, [33] and the theory subsequently
developed into one which dealt with the CP problem. As a scalar field
which acquires mass, it may also offer a contribution to the theorized existence
of cold dark matter in the universe, [26] and indeed dark energy, (see for
example, [49]). A scalar field which solves the CP problem and also provides
a meaningful contribution to the missing mass-energy balance in the observed
universe would indeed be an elegant addition to the standard model should the
axion be successfully detected. While much theoretical work has been done on
the postulated axion, this elegance provides a motivation, in this thesis, for
applying the novel, non-perturbative techniques used in shedding more light on
its behaviour.
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String theory is the main candidate for unifying quantum field theory with
general relativity. String cosmology is the application of string-based models
to cosmological phenomena. String cosmology models with D = 4 spacetime
dimensions are particularly useful in application to the observed physical world.
A popular application of string cosmology models is in determining any preferred
spacetime direction inherent in the universe, or anisotropy. Lastly, the energy
scales of string theory and string cosmology are necessarily high and there is a
question as to whether perturbative approaches are appropriate. This is a key
driver for the use of our non-perturbative, exact functional method. Motivated by
these themes, we apply our non-perturbative techniques to create a D = 4 model
and investigate the role of the string-axion in anisotropic effects.
1.2 Structure of the Thesis
This thesis is divided into two parts, one dealing with a study of the QCD axion
and the other with the bosonic string. (We note that the scalar field h arising
from the anti-symmetric tensor in the bosonic string is often referred to as the
string axion (see eq. (5.70). We also refer to this string-axion in this thesis as
it is a key parameter in our results. We stress however that the QCD-axion and
the string-axion in the two different sections of this thesis are not related in our
research).
The two sections are united as the treatment of both is based on techniques
originating in, but distinct from, the exact renormalisation group formalism
pioneered by Wilson and others in the 1970s. In Chapter (2) a review of some
aspects of theoretical physics shared by both sections of the thesis is undertaken.
Effective quantum field theory concepts are introduced along with the effective
potential. This naturally leads to a review of the Wilsonian formalism for
renormalisation, the exact renormalisation group methods and in (2.3.3) we outline
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the precise effective field theory manipulations which are the basis of the non-
perturbative approach used in this thesis. These non-perturbative techniques were
made extensive use of in work by my thesis supervisor Dr. Jean Alexandre and my
second supervisor Prof. Nick E. Mavromatos in [102], [103], [104], [105], [106], [107].
The classical phenomenon of spontaneous symmetry breaking, which underpins
many key particle physics theories, including axion theory, is introduced, as is the
spinodal instability.
In Chapter (3) a review of topics specific to QCD-axion physics is presented. A
summary of QCD from the viewpoint of the symmetries of the theory is presented.
The concept of instantons in four dimensional non-Abelian gauge theories is
covered, which naturally leads to a description of the charge-parity (CP) problem.
The leading candidate for its resolution is the axion, postulated by Peccei and
Quinn in 1977, [33]. Its development, the variety of potential axion models and
axion phenomenology are presented. We should note here an excellent summary
and history of axion physics from Kim, one of the world’s foremost experts, [27],
which was relied on heavily for this section.
Chapter (4) presents our treatment of the axion. We initially build a justification
for the quantisation of the axion and state the relevant actions and potentials we
rely on. We then provide a detailed account of our computations leading to a
non-perturbative evolution equation and show how the spinodal instability in the
non-interacting theory leads to our formulation of the flattened effective potential
of the axion. The work conducted in this chapter was conducted by myself and
Dr. Jean Alexandre and published in 2010 in [76] while analysis of the µ = 0 and
λ = 0 cases and comparison with accepted dark energy values in section (4.4) was
largely my own and is unpublished.
Chapter (5) provides an overview of bosonic string theory with a focus on conformal
invariance and the conditions for proving this. Two excellent and widely known
sources from Polchinski, and from Zwiebach, [77], [78] were invaluable in this.
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A brief summary of critical string cosmology is presented with mention of non-
critical and tachyon string cosmology noted. A brief section on optical anisotropy
is presented as an area where our work on the bosonic string may be relevant.
Chapter (6) presents our work on the bosonic string. We introduce the action
we will be using and derive, using non-perturbative methods outlined in section
(2.3.3) and exact equation for the effective action of string. We then show our
solution to this exhibits conformal invariance non-perturbatively (our main result
for this section) and offer some insights into its cosmology. The work in this
chapter is based on work led by Dr. Jean Alexandre and published in 2007 and
2008 in [106], [107]. My solo contribution to this part of the thesis consisted of
computations related to showing conformal invariance presented in sections (6.1.4)
and (6.3.2).
Chapter 2
Topics in Quantum Field Theory
The two parts of this thesis rely on some common themes and calculation methods
within classical and quantum field theory. These are outlined here.
2.1 The Effective Action and Potential
In applying quantum field theory to a bare action, one of the most common
regularization processes applies a high energy cutoff, Λ, above which the validity
of the theory is not known (other methods include dimensional regularization).
The resulting expression may contain divergences which need to be isolated and
removed prior to arriving at a useful effective action at some energy scale k0 where
phenomenology can occur. In quantizing a scalar field theory such as φ4 theory
introduced in (2.33), we seek a function which when minimized provides an exact
expression for the expectation value of the field, < φ >, with quantum effects
accounted for. We also want an expression which agrees with the the classically-
derived equilibrium of φ to lowest perturbative order. We define the generating
functional, Z[J ] which defines the full quantum theory up to energy scale Λ in
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path integral form in Euclidean D dimensional spacetime:
Z[J ]Λ =
∫
Dφ exp−
(
S[φ] +
∫
dDxJ(x)φ(x)
)
, (2.1)
Here, the Euclidean action is S[φ] =
∫
dDx(1
2
(∂φ)2 +U(φ)) and J(x) is the source
term which interacts with φ. Using Z[J ] we can compute all correlation functions
for processes by taking taking functional derivatives of Z[J ] with respect to the
source J(x) at the required space-time points. We further define a functional W [J ]
such that (now dropping the Λ subscript for brevity):
Z[J ] = exp(−W [J ]). (2.2)
where W and Z are both functionals of J the external source. Successive functional
derivatives of W with respect to J generate the connected correlation functions
(as opposed to Z which returns both connected and disconnected correlation
functions). Thus W (J) is more useful in our motivation for deriving measurable
quantities in a quantum field theory. Taking the derivative of W (J) (noting
−W (J) = lnZ(J)), with respect to the source J and using δW
δJ
= δW
δZ
× δZ
δJ
gives:
δW
δJ(x1)
=
1
Z
∫
Dφφ(x1) exp
(
−S[φ(x)] +
∫
dDx φ(x)J(x)
)
= φcl(x1) ≡< φ(x1) > . (2.3)
This expression for φcl is the expectation value of the quantum field, < φ(x) >.
With source set to zero(that is a theory with only self interactions) we can take a
second functional derivative of W [J ], resulting in two terms.
− δ
2W
δJ(x1)δJ(x2)
|J=0 = 1
Z
∫
Dφφ(x1)φ(x2) exp
(
−S[φ(x)] +
∫
dDxφ(x)J(x)
)
− 1
Z2
∫
Dφφ(x1) exp
(
−S[φ(x)] +
∫
dDxφ(x)J(x)
)
∫
Dφφ(x2) exp
(
−S[φ(x)] +
∫
dDxφ(x)J(x)
)
. (2.4)
This gives:
− δ
2W
δJ(x1)δJ(x2)
|J=0 =< φ(x1)φ(x2) > −φcl(x1)φcl(x2), (2.5)
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where it is noted that < φ(x1)φ(x2) > is the two point correlation function defined
as the amplitude of propagation of an excitation (or particle) between x1 and x2:
< φ(x1)φ(x2) >≡
∫ Dφφ(x1)φ(x2) exp− (S[φ] + ∫ dDxJ(x)φ(x))∫ Dφ exp− (S[φ] + ∫ dDxJ(x)φ(x)) . (2.6)
We consider the contributions to the expression < φ(x1)φ(x2) >. It is made up
of two contributions. Firstly the sum of connected diagrams corresponding to
propagation from x1 to x2. Added to this are contributions from disconnected
diagrams corresponding to x1 multiplied by those to x2. These latter disconnected
contributions to < φ(x1)φ(x2) > exactly cancel with the term φcl(x1)φcl(x2) (or
alternatively < φ(x1) >< φ(x2) >) in Eq (2.5) resulting in:
− δ
2W
δJ(x1)δJ(x2)
|J=0 =< φ(x1)φ(x2) >connected, (2.7)
which is known as the connected correlator. As it is a propagation amplitude it is
necessarily greater than or equal to zero and hence:
δ2W
δJ(x1)δJ(x2)
|J=0 ≤ 0. (2.8)
One notes from (2.3) that the expression for the classical field φcl[J ] is now a
function of J , the source. Here we introduce the Legendre effective action Γ[φcl]
in four dimensions, which is defined by the Legendre transformation.
Γ[φcl] = W [J ]−
∫
d4xφcl(x)J(x). (2.9)
We take the first derivative of Γ[φcl] with respect to the classical field at a point
x1, (φcl(x1)).
δΓ[φcl]
δφcl(x1)
=
δW [J ]
δφcl(x1)
−
∫
d4xφcl(x)
δJ(x)
δφcl(x1)
− J(x1) (2.10)
and utilizing the chain rule,
δΓ[φcl]
δφcl(x1)
=
∫
d4x
δJ(x)
δφcl(x1)
δW [J ]
δJ(x)
−
∫
d4xφcl(x)
δJ(x)
δφcl(x1)
− J(x1). (2.11)
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Using (2.3), that is: δW
δJ(x)
= φcl(x), in the second term on the right-hand-side, this
becomes:
δΓ[φcl]
δφcl(x1)
= −J(x1). (2.12)
Taking a second derivative of (2.12) with respect to φcl(x2) gives the result:
δ2Γ[φcl]
δφcl(x1)δφcl(x2)
= − δJ(x1)
δφcl(x2)
= −
(
δφcl(x2)
δJ(x1)
)−1
x1x2
, (2.13)
where
(
δφcl(x2)
δJ(x1)
)−1
x1x2
is a matrix in x1 and x2 representing the inverse of
δJ(x1)
δφcl(x2)
.
Using the relationship δW
δJ(x2)
= φcl(x2), we now have:
δ2Γ[φcl]
δφcl(x1)δφcl(x2)
= −
(
δ2W [J ]
δJ(x1)δJ(x2)
)−1
x1x2
. (2.14)
We now define the effective potential, Ueff in terms of the Legendre effective action,
as the part of the effective action not containing any parts of the expansion of the
kinetic component of the bare action.
Γ[φcl] =
∫
d4x[Ueff + Z(φcl)(∂φcl)
2 +O(∂φcl)4]. (2.15)
Here Z(φcl)(∂φ
2
cl) + O(∂φcl)4 represents an expansion of the kinetic terms in the
bare expression, which vanish with a field configuration constant with x. In such a
configuration, when minimizing the effective potential with respect to the classical
fields we can find the true vacuum state of a quantum field theory. In general Ueff
cannot be computed exactly and approximations are deployed. With source set to
zero and φ constant in space time, Γ[φcl] = W from (2.9). (2.1) reduces to:
Γ[φcl] =
∫
d4xUeff = V · Ueff , (2.16)
where V is the space time volume arising from the integral
∫
d4x. One may see the
use of the effective potential by considering Equs. (2.12) and (2.16) with source
J = 0.
δUeff
δφcl(x1)
= 0, (2.17)
which provides the condition that the effective action Γ[φcl] has an extrema, with
the solutions to eq (2.17) representing the stable quantum states of the theory.
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2.1.1 Effective Scalar Theory
In perturbative renormalisation theory, it is conventional to split the Lagrangian
into two parts, one containing the renormalised (physical) fields and couplings (L1)
and the other containing the counter terms (δL) which absorb the divergences
generated by loop corrections. We thus have the expression φ:
L = L1(φ) + δL(φ), (2.18)
from which the Legendre effective action, valid at one loop only, can be computed
(quoted without derivation) in Euclidean space, Section 11.4, [1]):
Γ(φcl) =
∫
d4xL1(φcl) + h¯
2
ln det
(
− δ
2L1
δφclδφcl
)
+
∫
d4xδL(φcl). (2.19)
To first order in φ4 theory, [2] computes the leading order expression for Γ(φcl),
(where S1 =
∫
d4xL1) and counter terms are not written:
Γ(φcl) = S1(φcl) +
h¯
2
tr ln[−∂2 + U ′′(φcl)] +O(h¯2). (2.20)
In a constant field configuration the second term on the right hand side of (2.20)
reduces to (in phase space):
h¯
2
tr ln[−∂2 + U ′′(φcl)] = h¯
2
∫
d4x
∫
d4k
(2pi)4
ln
[
k2 + U ′′(φcl)
k2
]
, (2.21)
where we have divided the factor k2 + U ′′(φcl) in the logarithm by a factor k2 to
avoid taking the logarithm of a dimensionful quantity. Combining this with (2.15),
one obtains to first order and where Bφ2cl and Cφ
4
cl are the counter terms quadratic
and quartic in the fields, contained within δL(φcl)-containing term in (2.19).
Ueff (φcl) = U(φcl) +
h¯
2
∫
d4k
(2pi)4
ln
[
k2 + U ′′(φcl)
k2
]
+Bφ2cl + Cφ
4
cl. (2.22)
The integral on the right-hand-side of (2.22) contains divergences quadratic in the
cutoff which can be absorbed by the counter terms (again only first order in h¯
terms are considered here). Here B and C are co-efficients containing divergent
corrections to the powers of φcl to absorb the cutoff dependence in the integral on
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the right-hand-side. Evaluating (2.22), the following is obtained, with the integral
taken up to k = Λ with h¯ set to 1 for brevity (a convention largely followed in the
remainder of the thesis).
Ueff (φcl) = U(φcl) +
Λ
32pi2
U ′′(φcl)− [U
′′(φcl)]2
64pi2
ln
√
eΛ2
U ′′(φcl)
+Bφ2cl + Cφ
4
cl. (2.23)
Later in this thesis we will study φ4 theory in the context of spontaneous symmetry
breaking and other phenomena, taking L to be:
L = 1
2
(∂φcl)
2 +
1
2
µ2(φcl)
2 − 1
4!
λ(φcl)
4 + A(∂φcl)
2 +Bφ2cl + Cφ
4
cl. (2.24)
Here A(∂φcl)
2, Bφ2cl and Cφ
4
cl are the counter terms and the bare potential can
be considered as U(φcl) = −12µ2(φcl)2 + 14!λ(φcl)4 + Bφ2cl + Cφ4cl. We consider the
case of µ = 0 where we have the condition d
2U ′′(φcl)
dφ2cl
|φcl=0 = 0. This will be of
interest later in the thesis as it represents the transition point between a purely
convex potential to a double well shape. We can evaluate (2.23) in this context
(to quadratic order in λ):
Ueff |µ=0 =
(
Λ
64pi2
λ+B
)
φ2cl +
(
1
4!
λ+
λ2
(16pi2)
ln
φ2cl
Λ2
+ C
)
φ4cl. (2.25)
We want to absorb the dependence of the cut-off Λ in the counter terms B and C
and impose renormalisation conditions.
d2Ueff (φcl)
dφ2cl
|φcl=0 = 0
d4Ueff (φcl)
dφ4cl
|φcl=m = λ(m). (2.26)
The first condition in (2.26) implies that µ = 0 (or the renormalised mass-squared
term vanishes) at φcl = 0 in the φ
4 theory and that B = −(Λ2/64pi2)λ). In the
second condition, since
d4Ueff (φcl)
dφ4cl
is not defined at φcl = 0 due to the log term, we
choose an arbitrary energy scale m. Here we are left with:
Ueff |µ=0 =
(
1
4!
λ+
λ2
(16pi2)
ln
φ2cl
Λ2
+ C
)
φ4cl, (2.27)
which if plugged into the second of (2.26) gives:
λ(m) = λ+K1λ
2 ln
m
Λ
+K2, (2.28)
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where K1 =
3
16pi2
and K2 is a constant not computed here. These two conditions
can eliminate the Λ dependence. (We do not derive the value of C required to
remove the Λ dependence above).
Ueff (φ) =
1
4!
λ(m)φ4cl +
λ(m)2
(16pi)2
φ4cl
(
ln
φ2cl
m2
− 25
6
)
+O(λ(m)3), (2.29)
where we now have the effective potential in terms of the classical field and the
coupling λ(m) for which we have a beta function relationship, which follows from
(2.28) to order O(λ(m)3).
m
∂λ(m)
∂m
=
3
16pi2
λ(m)2 +O(λ(m)3). (2.30)
2.2 Spontaneous Symmetry Breaking
Considering a particle at position q in one dimension defined by the classical
Lagrangian, with velocity q˙ and with k′ and λ two real constants with λ > 0,
we have the Lagrangian (here in Minkowski spacetime).
L = 1
2
[
q˙2 − k′q2]− λ
4
(q2)2
=
1
2
q˙2 − U(q) (2.31)
This exhibits a discrete reflective symmetry, invariant under the operation q → −q.
In both classical physics and quantum mechanics the equilibrium and ground states
respectively are found by minimizing the potential.
∂U
∂q
= 2k′q + λq3 (2.32)
If k′ > 0 there is one real minimum at φ = 0 and the ground state respects
the reflective symmetry and the system represents a damped harmonic oscillator.
However when k′ < 0 there is a local maximum at q = 0, (corresponding to a
potential of Umax) and two minima at q = ±
√
2k′
λ
, which represents the double
well or Mexican hat potential in one dimension. At energies less than Umax,
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Figure 2.1: A one dimensional double well potential
classically the particle must be in one of the two minima, thus breaking the
reflective symmetry of the system. Since we have not added any terms by hand
to do this, it is termed spontaneous symmetry breaking. (It should be noted that
given a large number of particles qa initially with potential energy > Umax this
reflective symmetry will be restored in a sense as there will be equal probability
that a particle will end up in either minima in this one dimensional model).
We now promote the particle position variable q to N dynamical fields φn(x) with
x the space time coordinate in D dimensions, n = 1, 2...N and k′ replaced by −µ2
L = 1
2
[
(∂φn)
2 + µ2φ2n
]− λ
4!
(φ2n)
2
=
1
2
(∂φn)
2 − U(φn). (2.33)
This now exhibits a continuous O(N) symmetry with the fields transforming
as an N -dimensional vectors under the O(N) transformations. The potential is
minimized at values of φn such that
(φn−min)2 =
µ2
λ
. (2.34)
The length of the vector φn−min is defined but its phase or direction is arbitrary.
If one chooses the direction to be in the N direction, we have the set of shifted
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fields such that:
φNmin = (0, 0, 0....φ0), (2.35)
where here φ0 =
µ√
λ
. The system can be perturbed around φ0 such that φN(x) =
φ0 + σ(x), and define a new set of fields:
φ′N(x) = (φ1(x), φ2(x), ...., (φ0 + σ(x))). (2.36)
We can now rewrite (2.33) in terms of φ′N(x) and we obtain:
L = 1
2
(∂φn)
2+
1
2
(∂σ)2−1
2
(2µ2)σ2−
√
λµσ3−
√
λ(φn)
2σ−λ
4
σ4−λ
2
(φn)
2σ2−λ
4
(φn)
4.
(2.37)
This can be interpreted as the perturbation field σ(x) with a mass factor√
2µ, with the fields φn(x) for n = 1, 2...., (N − 1) being massless degrees of
freedom. The O(N) symmetry has been spontaneously broken to an O(N − 1)
symmetry. Goldstone’s theorem states that for every spontaneously broken
continuous symmetry a massless bosonic degree of freedom results. In this case
the O(N) symmetry (which has N(N−1)/2 generators of the symmetries between
the N fields) is broken by setting the field in the N direction, resulting in
(N − 1)(N − 2)/2 symmetries between the fields. The difference in the number
of symmetries before and after (N − 1) is also the number of resulting Nambu-
Goldstone bosons, [1].
The above description does not incorporate quantization. This will affect the terms
present in (2.33) and (2.37) and thus will impact the symmetry breaking process.
Considering the case of N = 2 and breaking of O(2) to O(1), in the ground state
we have φ1 = 0 and φ2 = φ0, with the φ1 field representing the massless Goldstone
boson. Considering quantum fluctuations about the ground state of φ1 we can
consider the mean square of these fluctuations, in momentum space, k. ([2], IV.1).
< (φ1(0))
2 > =
1
Z
∫
Dφ(φ1(0))2 exp(iS(φ))
= lim
x→0
1
Z
∫
Dφ(φ1(0))(φ1(x)) exp(iS(φ))
= lim
x→0
∫
dDk
(2pi)D
exp i~k~x
k2
, (2.38)
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where if φ1 represented a massive field
1
k2
would be replaced by 1
k2+µ2
. D is the
spacetime dimensionality. There is an infrared divergence for D ≤ 2 leading to
the Coleman-Mermin-Wagner theorem which states that spontaneous symmetry
breaking cannot occur for D ≤ 2 dimensions, [4]. This illustrates the effects
quantization can have on classical spontaneous symmetry breaking. We now
consider a variation of (2.33) - a complex scalar field theory invariant under a
U(1) transformation (denoted by φ→ exp iθφ):
L = ∂µφ∗∂µφ+ µ2φ∗φ− λ(φ∗φ)2. (2.39)
We now promote the global symmetry exp iθ to exp iθ(x) (that is, to a locally
variant gauge symmetry). The invariant Lagrangian is as follows, where Aµ is the
gauge field and Dµφ = (∂µ− ieAµ)φ is the operator required to preserve symmetry.
L = −1
4
FµνF
µν + (Dµφ)
∗Dµφ+ µ2φ∗φ− λ(φ∗φ)2. (2.40)
Spontaneous symmetry breaking of (2.39) results in one massless boson. However,
a similar analysis, [2], shows that spontaneous symmetry breaking of (2.40) results
in the gauge field Aµ acquiring mass and one degree of freedom which it acquires
from the massless scalar which disappears. This is the basis of the Higgs mechanism
which is postulated to be the mass-acquiring mechanism for the particles in the
standard model. Spontaneous symmetry breaking in a Lagrangian such as (2.33) at
the classical level may be accompanied by further explicit breaking of the symmetry
by quantum effects. Additional interaction terms involving the Goldstone boson
may arise in the Lagrangian and it can acquire mass. This contrasts with the Higgs
mechanism for gaining mass which is purely a classical effect.
2.3 Wilsonian renormalisation Group Theory
The descriptions below are based on [1], [2], [3] and where noted.
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2.3.1 The Renormalisation Group Equations
The functional approach we use to derive exact evolution equations for the QCD
axion and the bosonic string (described in Section (2.3.3) has its roots in the exact
renormalisation group equations which in turn rely on the renormalisation group
techniques pioneered by Wilson in the early 1970s. In this thesis we thus briefly
introduce the latter and then the former prior to describing our technique.
Initial misgivings about divergences in quantum field theories were dispelled by
the application of regularization and renormalisation techniques in the second
half of the 20th century to extract meaningful information from both infrared
and ultraviolet divergences. In regularization, an infinitesimal, usefully definable,
spatial distance  (or Λ ∼ 1

in momentum space) is set and calculations performed
in the limit  → 0. In physical terms, regularization equates to not allowing
the internal lines in Feynman diagrams to fluctuate at momentum k > Λ. If
the resulting expression is definable it may contain terms proportional to Λ.
Once regularization has been achieved, the renormalisation process refers to
techniques to determine whether these Λ-proportional terms are significant (a
non-renormalisable theory) or may be canceled (a renormalisable theory). A non-
renormalisable theory such as gravity in four dimensions, for example, may not be
tackled using perturbative quantum field theory techniques. For a renormalisable
theory, a limited number of measurable field parameters can be calculated which
are independent of Λ, which is an arbitrary energy scale above which even the
bare theory may or may not be applicable. Until the late 1960s, it was not well
understood why high energy self interactions in renormalisable theories had so little
impact at lower, infrared energy scales where measurements could be taken, and
thus why the techniques worked so well. renormalisation group theory emerged
to address this and it describes how the physical couplings (e.g. λP in φ
4 theory,
where P denotes physical) vary with momentum scale k where k < Λ. It is useful
in investigating the high and low energy behaviour of quantum field theories. To
look at this concept further, we consider the generating functional of a scalar field
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theory in Euclidean space time with field parameter φ (source term here is zero
for brevity):
Z[J ]Λ =
∫
[Dφ]Λ exp(−S[φ]), (2.41)
with [Dφ]Λ =
∏
|k|<Λ dφ(k). Wilsonian renormalisation takes shells of φ(k) at
|k| < Λ, integrates out these field degrees of freedom. The ”group” transformations
are energy scale transformations, k → k + δk, and the impact of these on the
effective parameters of the theory, such as λP , are studied. In a scale invariant
theory the physics remains the same under such transformations. However, in all
useful, fully quantized field theories of the standard model, scale invariance appears
to be broken, [1].
In implementing renormalisation group techniques, the starting point is a cutoff
at scale k = Λ which represents the bare or classical theory, as in (2.41). To arrive
at an expression for an effective action at some energy scale k < Λ the high energy
field degrees of freedom φ(Λ)→ φ(k) are integrated out. To do this we divide the
field degrees of freedom into two sharply defined sectors:
φ(k) = Φ(k) for |k| ≤ Λ− δΛ (0 otherwise) (2.42)
φ(k) = ϕ(k) for Λ− δΛ < |k| ≤ Λ (0 otherwise), (2.43)
where φ(k) = Φ(k) +ϕ(k). The generating functional up to momentum scale Λ is:
ZΛ =
∫
Λ
D(φ) exp(−SΛ[φ]) =
∫
0<k≤Λ−δΛ
D(Φ)
∫
Λ−δΛ<k≤Λ
D(ϕ) exp(−S[Φ + ϕ]).
(2.44)
This can be written as:
ZΛ =
∫
0<k≤Λ−δΛ
D(Φ) exp(−SΛ−δΛ(Φ)), (2.45)
where the Wilsonian effective action SΛ−δΛ(Φ) is defined as involving only the
components of φ(k) with |k| < Λ− δΛ:
exp(−SΛ−δΛ(Φ)) =
∫
Λ−δΛ<|k|≤Λ
D(ϕ) exp(−S[Φ + ϕ]). (2.46)
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In φ4 scalar theory, the effective action SΛ−δΛ(Φ) includes corrections proportional
to powers of the bare coupling λ which contain information on the quantum
interactions of the large k components in the sector ϕ(k). Wilsonian group theory
leads to expressions for the variation of the effective parameters of a theory with
energy scale k, with, as before k < Λ. The β functions are differential flow
equations, where λi are the effective couplings:
k∂kλi(k) = β(λi). (2.47)
Fixed points of a theory are defined where k∂kSk = 0, that is, the effective action
is unchanged by a slight transformation, δk in energy scale. The simplest case
of a fixed point is the free-field scalar theory where the action is given by Sk =∫
dDx1
2
(∂µφ)
2 (also known as a trivial or Gaussian fixed point). Here the couplings
vanish and in the vicinity, the form of the β functions can be studied. Couplings
that grow in strength approaching this fixed point are termed relevant while those
that die out are termed irrelevant. Quantum field theories with irrelevant couplings
are non-renormalisable.
2.3.2 The Exact Renormalisation Group Equation
The equation (2.46), depending on the nature of S the effective action, is generally
solved by perturbative methods, where one or two loop approximations may suffice.
In this thesis, we are interested in very high energy theories where perturbation
theory may not be well established and where exact expressions are useful. The
exact renormalisation group (ERG) techniques, [8] build on Wilsonian methods.
The resulting equations are non-perturbative in that they capture all quantum
fluctuations in an effective expression and are based on applying a cutoff as in
(2.42) and integrating out higher energy degrees of freedom. Expanding Sk(Φ+ϕ)
around Φ gives, (where the phase space volume within p→ Λ is V = ∫ dDp
(2pi)D
):
Sk(Φ +ϕ) = Sk(Φ) +
1
V
∫
k
δSk(Φ)
δΦ(p)
ϕ(p) +
1
2V 2
∫
k
∫
k
ϕ(p)
δ2Sk(Φ)
δΦ(p)δΦ(q)
ϕ(q) +O(ϕ)3
(2.48)
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From (2.48) one can obtain an expression for the evolution of the Wilsonian
effective action in a constant field Φ0 configuration:
∂k Sk(Φ0) = lim
δk→0
(Sk(Φ0)− Sk−δk(Φ0))
δk
. (2.49)
Evaluation of the Gaussian integrals in (2.48) leads to the Wegner-Houghton
equation, [6], where here |p| = k and ΩD is the solid angle in D dimensions.
∂kSk(Φ0) = −1
2
ΩDk
D−1 VD
(2pi)D
ln
[
δ2Sk(Φ0)
δΦ(p)δΦ(−p)
]
. (2.50)
A full derivation of this is provided in Appendix 8.1 where we note that the term
containing δSk(Φ)
δΦ(p)
vanishes as we consider a saddle point where δSk(Φ)
δΦ(p)
= 0 and the
field Φ is constant with spacetime. A key point to note concerning the derivation
of eq (2.50) is that we consider an infinitesimal momentum shell δk << k and
the equation becomes an exact expression as we take the limit δk
k
→ 0. We make
two points about the introduction of the infrared cutoff, Λ. Firstly, if the cutoff
is sharp, the Wilsonian exact renormalisation group methods may only be used
to study the behaviour of the effective potential, as the derivative, kinetic terms
will prove problematic at the sharp boundary. In this instance, a smooth cutoff
will be required, [7]. Secondly, the introduction of an energy scale cutoff is not
in general gauge invariant, as gauge invariance implies energy scale invariance. In
our treatment, we note that we use a running variable other than energy scale or
momentum, which may overcome gauge invariance issues associated with evolution
with energy scale as in the original Wilsonian treatments, [6].
2.3.3 An Alternative Exact Approach
Following this brief description of the exact renormalisation group, we describe an
alternative non-perturbative technique for deriving an exact form for an evolution
equation for the effective action. Motivated by the exact renormalisation group
equations they were developed in [8] and utilised in [103], [104], [105], [106] and
[107]. These results, along with the results derived in Section 2.1 on the effective
potential are key building blocks in the non-perturbative techniques used in this
2.3 Wilsonian renormalisation Group Theory 31
thesis. We are interested in the evolution of quantized parameters like Γ(φcl). [102]
describes a functional method to arrive at an evolution equation of the effective
action with a parameter of the bare theory and the equivalence of such an approach
with the evolution using the exact renormalisation group. As an example, we
consider a bare scalar theory, in Euclidean space φ ≡ φ(x):
S(φ) =
∫
dDx
1
2
∂µφ∂
µφ+
1
2
bm2φ2 − λ
4!
(φ2)2, (2.51)
to which we have added a unit-less parameter b to illustrate our non-perturbative
evolution technique. When b = ∞ the theory is classical because the particle
becomes infinitely massive. The decrease of b coincides with the increased
importance of quantum fluctuations, the full extent of which are apparent when
b → 1. We note the analogy with the exact renormalisation group derivations
where the cut off k is taken from Λ→ 0 to capture quantum effects. Starting with
(2.9), we take the partial derivative with respect to b and we consider b and φcl
to be independent variables of Γ[φcl] and consider a constant field configuration so
that ∂φcl
∂b
= 0.
∂bΓ[φcl] = ∂bW [J ] +
∫
d4x
∂W [J ]
∂J(x)
∂J(x)
∂b
−
∫
d4xφcl
∂J(x)
∂b
= ∂bW [J ]. (2.52)
where we have used the definition of the classical field in (2.3) and performed a
chain rule manipulation similar to that used in (2.11). We have from our definitions
(2.1) and (2.2):
∂bW [J(x)] =
1
Z
∂bZ =
1
Z
∫
Dφ exp
[
−S(φ)−
∫
dDxJ(x)φ(x)
]
∂bS(φ), (2.53)
and can evaluate ∂bW [J ] directly, using (2.3) with (2.53).
∂bW [J ] = −m
2
2
∫
d4x < φ(x)φ(x) >
= −m
2
2
∫
d4x
∫
d4yδ4(x− y) < φ(x)φ(y) > . (2.54)
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Using the results (2.3), (2.5), (2.14) and (2.52) the following is obtained.
∂bΓ[φcl] = −m
2
2
∫
d4xd4yδ4(x− y)
[(
δ2Γ[φcl]
δφcl(x)δφcl(y)
)−1
+ φcl(x)φcl(y)
]
= −m
2
2
[∫
d4x(φcl(x))
2 + Tr
(
δ2Γ[φcl]
δφcl(x)δφcl(y)
)−1]
, (2.55)
where we define Tr[...] =
∫
d4xd4yδ4(x − y)[...]. We note that as with the exact
renormalisation result obtained in (8.21) the equation (2.55) is an exact, non-
perturbative expression for the effective action. While (2.50) uses the momentum
cutoff k as an evolution parameter, the result (2.55) is not restricted to this form
and uses any suitable parameter, the evolution of which captures all quantum
fluctuations. Typically equations such as (2.55) are not directly solvable and an
assumed form for the effective action is used in conjunction with this to investigate
viable solutions. For example, the gradient approximation for scalar theory was
described in the context of the exact renormalisation group in the Appendix in
(8.10), which may be applied here, (in this φ ≡ φcl).
Seff (φ) =
∫
dDx
(
1
2
Z(φ)∂µφ∂
µφ+O(∂µφ)4 + Ueff (φ)
)
≡ Γ, (2.56)
where Ueff (φ) and Z(φ) contain quantum fluctuations and Γ is the Legendre
effective action. Here, ∂bS(φ)eff may then be compared with (2.55) and viable
solutions found. This is the approach we take with effective theories for the QCD
axion and bosonic string in this thesis.
2.4 Convex Potential and Spinodal Instability
The convex shape of the effective potential in a scalar field is a well known effect in
classical physics and we begin this section with a brief discussion of the Maxwell
construction, [9]. Figure (2.2) represents an isotherm predicted by the Van der
Waals equation of state (the oscillating curve), where P is pressure and V is the
volume occupied by the gas at that pressure. The middle section of the curve
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where ∂P
∂V
> 0 is not physical in that the pressure is decreasing with increasing
volume. The two sections of the curve with∂P
∂V
< 0 bounding the green shading are
known as meta stable states. In practice the two green sections are replaced by
Figure 2.2: The curve is an isotherm in a real-gas model (such as that associated with a
van der Waal’s equation of state). The unstable concave region and the convex minimum
are replaced by the straight line at constant pressure P. [9].
the straight line of constant pressure P = Peq where a phase transition from liquid
to gas is occurring and both phases are present in the system. This two-phase
system remains at constant pressure with increasing volume until all the liquid
has vapourised (where the isotherm in Figure (2.2) intersects the P = Peq line on
the right hand side). In the Maxwell construction which is used to resolve the
unphysical nature of the equation of state isotherms, it is shown that the internal
energy of the system (assumed to have a fixed numbers of particles) depends only
on the volume for a given isotherm. It is shown that the change in energy between
the two outer volume points where the P = Peq line intersects the isotherm may
be calculated along either the P = Peq line of constant pressure or along the Van
der Waals isotherm - both give identical results. The P = Peq line represents the
physical reality and thus the concave point of the isotherm is flattened with the
straight line. The method, which is inserted by hand rather than analytically,
relies on the fact that the Gibbs free energy of the two phases must be equal when
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they coexist and the two areas shaded in green are of equal area. It may be used
in any thermodynamical system with P and V replaced with any pair of conjugate
variables which can be used to express the internal energy of the system. We now
consider this in the context of quantum field theory.
Figure 2.3: The curve indicates a possible form for the effective potential of a scalar
field, with extrema at the three points φ1,2,3. In our notation Ueff = V [1].
Figure 2.4: In practice the concave part of the effective potential is flattened. In our
notation Ueff = V [1].
[1] notes that there is a field theory analogy for the Maxwell construction in
thermodynamics in which the conjugate variables are the effective potential Ueff
and classical field φcl. Figure (2.3) represents a form of Ueff (φcl) with an absolute
minimum at φ1, a local minimum at φ3 and local maximum at φ2, and a constant
background field configuration. In eq. (2.17) it was noted that the extrema of
Ueff (φcl) represent the stable quantum states of the theory, in this case φ1, φ3 and
φ2. In the case of our potential form in figure (2.3), it is clear that the stable
2.4 Convex Potential and Spinodal Instability 35
states are the minima: φ1 and φ3; with φ3 being a locally stable state which could
decay to φ1 via tunneling. φ2 does not represent a stable state even though it is
an extrema of Ueff (φcl). In a manner analogous to the Maxwell construction, if we
consider a value of φcl between φ1 and φ3, it can be described by a superposition
of the two stable vacuum states (where Ueff is a minimum) such that, where a is
between 0 and 1.
φcl = aφ1 + (1− a)φ3. (2.57)
We may also describe the average value of Ueff at φcl as:
Ueff (φcl) = aUeff (φ1) + (1− a)Ueff (φ3), (2.58)
whose line is represented by the bold line in Fig (2.4). Thus our requirement to see
that the true vacuum state is represented by the minimum rather than maximum
of Ueff leads to a flattening of the concave part of Ueff . In effect this implies the
condition:
δ2Ueff (φcl)
δφ2cl
> 0. (2.59)
It should be stressed that this scenario applies to a configuration with source J set
to zero and in a constant field configuration as described by eq. (2.17). As with
the theoretical form of the isotherm in Figure (2.2) yielding unphysical regions
where phase transitions mean that the Maxwell construction is used to remove
these by hand, unphysical regions in the effective potential’s form as in figure (2.3)
are removed by hand. The value of the local minima are unaffected by this.
The shape of figure (2.3) is similar to the double well scalar potential which
gives rise to spontaneous symmetry breaking as described in section 2.2. From
the very qualitative account above it should be that when quantized, a concave
scalar potential (with source set to zero and constant field configuration) should be
flattened when the system is quantized. This is indeed a well known phenomenon
and one that we utilize in our discussion of the flattening of the axion’s effective
potential prior to any interactions in section 4.4. In practice this flattening is
due to spinodal instability effects which are briefly outlined, with this qualitative
account taken from [10], [11], [12], [13] and [14].
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We consider the potential:
U(φ) = −m
2
2
φ2 +
λ
4!
φ4 +
m4
4λ
. (2.60)
In (2.60), U(φ) has a local maximum at φ = 0 (when U ′′ = −m2) and two minima
at φ = ±v (v2 = 2m2
λ2
). The equation of motion for the scalar field fluctuations
about the φ = 0 is quoted without derivation, where φk are the momentum (k)
modes of the field and U ′′ is with respect to the fields and where the momentum
squared in Euclidean coordinates can be expressed in terms of the time and spatial
components, k2 = ω2 + ~k2.
(k2 + U ′′)φk = 0. (2.61)
While symmetry is still evident at φ = 0 and time t = 0, the field is massless for
the quantum fluctuations φk =
1√
k
exp(−iωt + i~k~x) (that is with m and φ terms
inactive). As φ deviates slightly from 0, the m term is ”turned on”, from when
|~k| < m, the k term in (2.61) results in exponential growth of these modes implying
a lack of restorative force driving the small quantum fluctuations. Qualitatively,
[12] notes that these |~k| < m wave modes grow in amplitude and reach energy ∼ m4
λ
which is of similar size to the initial maximum of the bare potential U(0) = m
4
4λ
.
Thus a large part of U(0) is transferred to the kinetic energy of the field as it rolls
to the minimum at U(φ). The flattening of the concave classical potential in the
quantum model occurs to avoid exponential build up of negative mass squared-
originating (hence tachyonic) undamped fluctuations (Figure 2.5). It is again
stressed that at this point that this analysis is limited to non-interacting scalar field
models. The graph in figure (2.5) was inspired by results computed numerically in
[10]. Here the authors combine the non-perturbative methods outlined in section
(2.3.2) with the saddle-point (or steepest descent) approximation method for
evaluation of divergent integrals. They found that when the spinodal instabilities
occur near k2 = m2, non-trivial saddle points appear in the integrals of the type
expressed in (2.48). At tree level this gives k2−m2 + λ
2
φ2 = 0, and a flat potential
for any value of k down to the IR limit k = 0, within the two minima of Uk(φ).
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Figure 2.5: The flattening of a double well bare potential in one dimension by quantum
effects, [14]. In the context of exact infinitesimal Wilsonian renormalizatin group studies,
the spinodal instablity is compensated, at each step, by the presence of a non-trivial
saddle point in the path integral defining the blocking transformation, [10]. The result
of this cancellation is the flattening of the Wilsonian effective potential (the ”average
effective potential”), as the observational scale k goes to 0, as shown in the figure. It
is noted that non-trivial saddle points in the path integrals defining the renormalisation
group transformations imply a ”tree-level renormalisation”, since the bare non-convex
part of the initial potential is removed by quantum fluctuations.
Chapter 3
Axion Theory
3.1 Axion Related Topics
Axion physics involves relationships between a number of concepts and phenomena
in quantum field theory and particle physics which are reviewed here briefly both
to introduce these relationships and terminology used. Note: in this and the next
Chapters the term ”axion” refers to the scalar field postulated by Peccei-Quinn to
explain the CP problem, as opposed to the term ”string-axion” used in Chapters 5
and 6. Section (3.2.1.3) of this chapter briefly mentions string-originating axions,
however.
3.1.1 QCD and its Symmetries
Quantum chromodynamics (QCD) is a highly symmetric quantum field theory and
much of QCD research has centered around how these symmetries are broken or
preserved and the resulting phenomenological implications. Initially the strong
interaction was believed to be explained by a new quantum number, isospin,
described by SU(2)I symmetry in which the proton and neutron existed in the
fundamental representation and the thee pions, postulated to be Goldstone bosons
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of the theory, in the adjoint representation of the SU(2)I group. Because the
pions were shown to have a light mass, it was postulated that this symmetry was
slightly broken explicitly. Modern interpretations refer to a more fundamental,
quark-based model with associated symmetries of the Lagrangian and vacuum,
the key ones of which are described.
3.1.1.1 SU(3) Colour Symmetry
This is the defining symmetry of QCD and results in a non-Abelian gauge theory:
LQCD = qi(iγµ∂µ −m)qi − g(qiγµT aijqj)Gaµ −
1
4
GaµνGaµν . (3.1)
Here qi(x) and qi(x) are quark and anti-quark fields of i flavours in the fundamental
representation of SU(3). Gaµ are the eight gluon fields which lie in the adjoint
representation of SU(3) with T aij the generators for this representation and γ
µ are
the Dirac matrices and m is the quark mass matrix. Gaµν is the gauge covariant
field strength tensor given by:
Gaµν = ∂µG
a
ν − ∂νGaµ − gfabcGbµGcν , (3.2)
where g is the coupling constant of the theory and fabc are the structure constants.
Throughout we use a trivial summation notation for the a, b, c and i, j indexes,
with the ”‘up-down”’ convention respected for the space time indexes. This gauge
symmetry is an exact one which remains unbroken and along with electroweak
SU(2)× U(1) is one of the fundamental symmetries of unified theory.
3.1.1.2 Baryon Number
Baryon number is defined as B = 1
3
(nq − nq¯) where nq and nq¯ are the number of
quarks and anti quarks in a baryon. It is a conserved quantum number and hence
exhibits a U(1)B symmetry, analogous to the U(1) electromagnetic symmetry. If
baryon number is conserved precisely, it is an exact symmetry. We consider a
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generic Lagrangian with a quark and anti quark doublet:
Q =
(
u
d
)
;QL =
(
uL
dL
)
;QR =
(
uR
dR
)
. (3.3)
Here we have the relationships:
QL =
(
1− γ5
2
)
Q; QR =
(
1 + γ5
2
)
Q, (3.4)
where γ5 is the chirality matrix:
γ5 =
(
−1 0
0 1
)
. (3.5)
There is a conserved vector current jµ = Q¯γµQ from the U(1) transformation Q→
(exp iθ)Q. If mu = md = 0 the left and right hand fields transform independently
in the chiral symmetry that transforms Q → exp(iβγ5)Q where β is a phase
degree of freedom introduced by the symmetry. If we consider mu ' md 6= 0 and
mu,md  ΛQCD, the quarks have a small mass meaning the chiral (also termed
”axial vector”) symmetry is explicitly broken as the quarks acquire mass. The
chiral current in this model is characterised by:
jµ5 = Q¯γµγ5Q
∂µj
µ5 = 2imQ¯γ5Q, (3.6)
and the chiral current is conserved in the massless case. However, (see for example
[1], 19.2) when the above classical symmetries are quantized the Adler-Bell-Jackiw
anomaly in four dimensions results in breaking of the chiral U(1)B symmetry even
in the massless case of (3.1) such that:
∂µj
µ5 = −Ng
2
16pi2
G˜µνGµν , (3.7)
where N is the number of quarks in the model, and G˜µν is the dual of Gµν and
equal to 1
2
αβµνGαβ. Detailed analysis [15] by ’t Hooft and others in the early
1970s revealed the chiral anomaly in a four space time dimensional QCD vacuum
to be a one-loop effect, breaking what would have been a fundamental U(1)B
chiral symmetry. The experimental absence of a pseudo-scalar of mass smaller
than
√
3mpi, [21], indicative of a spontaneously broken U(1)B chiral symmetry is
known as the ”U(1) problem”.
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3.1.1.3 Flavour Symmetry
The idea of SU(2)I isospin symmetry gave way to flavour symmetry SU(Nf ) where
Nf is the number of quark flavours (denoted as i in (3.1)). At present it is thought
there are six flavours of quarks. If all the flavours are massless there is also a chiral
SU(Nf ) symmetry. For our analysis of axion physics we consider only the lightest
two quarks, u and d, such that mu ' md  ΛQCD, where ΛQCD is the energy scale
at which confinement occurs, ∼ 200MeV . As with the U(1)B symmetry there is a
SU(2) vector symmetry and if mu = md = 0 a chiral SU(2) symmetry. The vector
symmetry is one of rotational invariance between mu = md and if the masses vary
slightly it is an approximate symmetry. The vector and chiral currents are:
jµa = Q¯γµτaQ
jµ5a = Q¯γµγ5τaQ, (3.8)
with τa the Pauli matrices. One may calculate the quantum anomaly contribution
to the divergence of the SU(2) chiral current as, [1]:
∂µj
µ5a = − g
2
16pi2
G˜µνGµν · tr[τatctd] = − g
2
16pi2
G˜µνGµνtr[τ
a]tr[tctd] = 0, (3.9)
as the trace over a single τa vanishes. It is noted that τa is an isospin matrix while
tc is a colour matrix. Thus unlike in the case of the U(1)B chiral symmetry, in
SU(2), the chiral anomaly does not break the symmetry. Due to the presence of
a triplet of low mass mesons (the pions), it is postulated however that the chiral
SU(2) symmetry is spontaneously broken. This is due to the fact that even when
the mass of the quarks is set to zero, the QCD vacuum is thought to consist of a
condensate of quark-anti quark pairs arising from the vacuum such that:
< 0|QQ|0 >=< 0|QLQR +QRQL|0 >6= 0. (3.10)
This non-zero expectation value of the quark-anti quark pairs in the condensate
causes breaking of the SU(2) chiral symmetry, if we consider a model with two
quarks, up and down. The quark-anti quark pairs act as scalar bound states and
three massless quark-anti quark Goldstone bosons result - the pions. Since in
reality the up and down quarks have a small mass the chiral SU(2) symmetry is
also explicitly broken and these pions acquire mass.
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3.1.1.4 Scale Invariance
Scale invariance is a sub-symmetry of the conformal symmetry group. It occurs
in a massless field theory, with field parameter ϕ(xµ) and with no dimensionful
coupling constants that is invariant under the following transformation, [1].
ϕ(xµ)→ exp(−Dσ)ϕ(e−σxµ), (3.11)
where D is the canonical mass-dimension of the field ϕ and the space time
coordinate transforms as xµ → (exp−σ)xµ. (We write the constant in the
form exp−σ as σ will be promoted to σ(xµ) in the context of later string-
related discussions of conformal transformations). These are equivalent to the
renormalisation group transformations discussed in Section 2.3. Classically this
symmetry is evident in massless QCD, as in (3.1) with m = 0 and where the
coupling g is dimensionless. Classically, the physics of such theories remain
invariant if the length scales are multiplied by a common factor. In quantum field
versions of such a theory one can equate such invariance with length scales inverse
to mass scales. Following renormalisation, the effective Lagrangian is dependent
not only on the classical coupling parameters but also an arbitrary mass scale
M introduced through the regularization of ultraviolet divergences. The scale
invariance has potentially been broken by the chosen cut off. This is evident in φ4
theory by the flow in the coupling λ with the arbitrary mass parameter M , [1].
λ→ λ+ λ
2
4(pi)2
(N + 8) · δM
2
M2
, (3.12)
where O(N) is the classical symmetry of the theory. In general this leads to a
formulation for the beta function of the coupling which describes the variation
with energy scale µ.
β(λ) = µ
∂λ
∂µ
(3.13)
If the beta function vanishes, the quantum field theory is scale invariant - no
physically useful examples of these are known in the standard model, [1]. If β(λ) >
0, as in QED, the coupling approaches zero at low energies to allow for perturbative
solutions in this region. If β(λ) < 0, the theory is said to be asymptotically free,
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a phenomenon discovered in the early 1970s as applying to non-Abelian gauge
theories like massless QCD where the form of the beta function was found to be,
[16]:
β(g) ∼ −β0 g
3
16pi2
, (3.14)
with β0 a constant and g the strong coupling. Thus the coupling g is high at low
energies making effective perturbation theory difficult in this region. Conversely,
high energy behaviour of such theories is predictable via perturbation methods. An
outcome predicted by asymptotic freedom is that the energy required to separate
particles governed by such interactions could tend to infinity, potentially explaining
why quarks are not seen alone in nature.
3.1.1.5 CPT Symmetry
CPT symmetry is now considered to be a fundamental symmetry of the standard
model, including QCD. Parity is a discrete transformation which sends (x, t) to
(−x, t), that is a reflection in space. A discrete time transformation on the other
hand sends (x, t) to (x,−t). Charge conjugation is a discrete transformation
which changes a particle into its antiparticle. The CPT Theorem, [17], states
that any quantum theory in flat space time is symmetric under the combined
CPT transformations provided the theory respects Lorentz invariance, locality
and conservation of probability (unitarity). Theories may break C, P, T or double
combinations thereof individually. The couplings of the SU(2) gauge bosons in
the QCD Lagrangian violates C and P symmetries individually ([1], 20.3) but the
combined CP transformation is a symmetry of the QCD Lagrangian as it stands in
(3.1), as is T, the time reversal transformation. There are, however, possible terms
discussed in Section 3.1.2 which can break CP symmetry in the QCD Lagrangian,
and the fact that this has not been observed in practice is known as the CP
problem.
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3.1.2 Instantons
In the context of a non-linear field theory, solitons are stable, well-behaved solutions
to the classical theory, which are stable against decay (or topologically distinct
from) to the trivial solution. Most solitons are exact and non-perturbative. The
stability of these solutions arises, [3], as a result of constraints imposed by boundary
conditions of the coordinate space being considered. This boundary has a non-
trivial homotopy group associated with it, which has a mapping with the coordinate
space. This can result in an infinite number of topologically distinct solitons which
can be degenerate. Solitons are often termed topological defects in this context
and examples are kinks [19], domain walls and ’t Hooft-Polyakov monopoles, [20].
Mathematical discovery of the latter trigged searches for magnetic monopoles.
They are non-linear solutions to gauge theories (such as U(1) electromagnetic
gauge theory incorporating the Higgs field) which represent objects with finite
energy, localized around a particular point in space, and can be shown to possess
magnetic charge. Here, however, we focus on a form of soliton localized in space
and time, hence instanton. The following is sourced from [3] and where noted.
In the double well potential illustrated by the Lagrangian (2.31) where the constant
k′ obeys the condition k′ < 0, one may apply the time independent Schrodinger
equation simply as (with factors of h¯ left out for brevity):
d2ψ
dq2
= (2m(V (q)− E))ψ, (3.15)
where ψ is the particle’s wave function, q its position and E its total energy and
V (q) the potential. A solution is ψ = exp(−ik′q) where k′ = √2m(E − V ). If
k′ is real one obtains a familiar plane wave solution, however if k′ is imaginary,
that is E < V (q), as is the case with the particle being in one of the two
double wells, one obtains an exponential (i.e. exp(−k′q)) solution which represents
quantum mechanical tunneling between the two wells with amplitude proportional
to exp−(∫ q−q dx√2m(V (q)− E). If we apply the path integral approach to this
two dimensional example using a Wick rotation in which it → τ , one obtains as
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the amplitude, with H the Hamiltonian:
< −q| exp(−Hτ)|q > =
∫
dq(τ) exp(−SE)
SE =
∫ τ(q)
τ(−q)
dτ
(
mq˙
2
)
+ V (q), (3.16)
where one notes V (q) changes sign under the Wick rotation and the double well
is inverted. This transforms the process from −q to q as the particle traveling
from the top of one maximum and rolling to the other. It is noted that this
quantum field theory approach differs from that shown in (2.38) in that it does
not involve perturbation theory. Rather this so-called instanton solution is based
on applying the path integral approach in Euclidean form to a classical solution in
a fixed time span and localised area. Instantons add alternative solutions to the
vacuum structure of a theory, in this case suggesting that the particle may reside
with equal probability at both −q and q, two areas in the theory disconnected
classically and by conventional perturbative quantum field theory, but connected
by quantum mechanical tunneling. [18] notes that the result in Euclidean space-
time can be equated to Minkowski space time in the path integral approach to a
good approximation. Instanton solutions to four dimensional non Abelian gauge
(Yang Mills) theory were discovered [15] in the early 1970s shedding new light on
the QCD vacuum. While a rigorous derivation is beyond the scope of this thesis,
the major steps are outlined, drawing from [3], [15] and [18].
• Considering the Euclidean action in 4D of the kinetic term of the pure Yang-
Mills theory, [2]:
SE =
1
g2
∫
d4xTrGµνGµν , (3.17)
with Gµν = G
a
µνTa, and Ta are the generators of the symmetry group, G
a
µ
are the gauge fields, Gµ is the gauge potential equal to G
a
µTa and G˜
µν =
1
2
µνρσGρσ. We take the symmetry group as the SU(Nf ) flavour symmetry of
a two quark model, where Nf = 2. This is a local, continuous and therefore a
gauge symmetry. Unlike Abelian U(1) theory, this contains cubic and quartic
terms representing self interactions of the gauge bosons, Gaµ. For SE to be
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finite in the integral as |x| → ∞, the potential must be pure gauge in such a
configuration:
Gµ = U
−1∂µU, (3.18)
where U is an element of the symmetry group, (e.g. in SU(2), U = exp iθaT a
with T a the generators in the adjoint representation) and it is noted Gµν = 0
with this gauge at the |x| → ∞ boundary.
• Euclidean space time in 4D has as its boundary the 3-sphere, or S3.
Meanwhile the group SU(2) may be represented by:
U = U0 + i
3∑
j=1
Ujσj, (3.19)
where σj are the Pauli matrices. U is unitary with U
2
0 + U
2
1 + U
2
2 + U
2
3 = 1,
which is also the equation for the 3-sphere, S3. Thus one can say that
the gauge potential at ∞ describes a map from group space to physical
space S3 → S3, with the mapping defined by an integer q (known as the
Pontryagin index). A solution with one value of q is termed stable if it cannot
be continuously transformed into a different q solution, and the mapping is
non-trivial.
• We can define a total divergence, ∂µKµ:
1
4
TrG˜µνGµν = ∂µ
[
µνρσTr(
1
2
Gν∂ρGσ − ig
3
GνGρGσ)
]
= ∂µKµ. (3.20)
Applying the classical equations of motion for (3.17), that is, DµGµν = 0 and
applying Gauss’ theorem gives (where K⊥ is the component of Kµ normal to
the surface of the volume under consideration):∫
d4xTr G˜µνGµν = 4
∫
d4x(∂µKµ) = 4
∮
S3
d3xK⊥, (3.21)
which implies that the integral
∫
d4xTr G˜µνGµν depends only on the
homotopy of the mapping S3 → S3. With our pure gauge condition on
the |x|2 →∞ boundary (i.e. Gµ = U−1∂µU), it can be shown that:
1
g2
∫
d4xTr G˜µνGµν =
16pi2
g2
, (3.22)
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and we define q here as equal to g
2
16pi2
∫
d4xTr G˜µνGµν as a measure of the
degree of mapping of the SU(2) group space to physical space S3 → S3, [3],
which is the Pontryagin index, q noted above (sometimes referred to as the
winding number), [18]. The solution of the equations of motion of (3.17)
with the pure gauge condition at the |x|2 →∞ boundary is an instanton. It
represents the transition as Euclidean time evolves from negative to positive
infinity, from one vacuum (represented by a homotopy class n− 1 to another
in homotopy class n, with Pontryagin index, q in this case equal to n −
(n − 1) = 1. The non-trivial mapping S3 → S3 is represented by the set of
integers which physically means there are an infinite number of identical but
topologically separate vacuum configurations. The q = 1 case is known as
the BPST instanton, [22]. The barrier penetration is given by exp(−SE), or
exp(−16pi2
g2
) in this case.
• Thus the QCD vacuum is infinitely degenerate with non-zero transition
amplitudes between the vaccua belonging to different homotopy classes. If
|n > is a vacuum described by homotopy class n the real vacuum should be
invariant under a transformation (termed a ”‘large gauge”’ transformation)
which maps the n vaccua onto one another. A gauge invariant vacuum state,
parameterised by θ is thus constructed as a superposition of the n homotopy
class vaccua:
|θ >=
∞∑
n=−∞
exp ipiθ|n >, (3.23)
with θ a phase with period 2pi. θ parametrizes the degree of tunneling
between the n vacuum configurations which occurs in the true vacuum state.
If θ 6= 0, 2npi, instanton effects are present and the vacuum state is complex
and is not invariant under CP transformations (discussed in more detail in
Section 3.1.3). This instanton parameter θ can be accounted for in the QCD
Lagrangian by adding a θ containing term:
Lθ = −θ g
2
16pi2
Tr G˜µνGµν . (3.24)
θ parametrizes the degree of tunneling between the n vacuum configurations
which occurs in the true vacuum state.
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• Considering the Lagrangian (3.1) with m = 0 and i = 2, that is a massless
two quark model, [15] computes the chiral anomaly associated with the U(1)A
symmetry breaking as (3.7)and notes this is a one-loop effect. Comparing
this with the result in (3.22) gives:∫
d4x ∂µj
µ5 = N q, (3.25)
where N is the number of quarks in the model and q is the Pontryagin index.
This implies that in an instanton background there is non-conservation of the
charge associated with axial current. This implies the possibility of decays
which violate both baryon and lepton number (the U(1) axial charge relevant
here), such as:
p+ n→ e+ + ν¯µ. (3.26)
The probability of such decays is small, however on the order of exp−(16pi2
g
) ∼
10−262, [3].
• While the computations leading to (3.22) involved the gauge fields only, they
were specific to the gauge group SU(2) relating to a two quark model. In a
more general SU(Nf ) model, the corresponding SU(2) subgroup of this will
produce the same result, [18]. If both quarks are massless there is also a
chiral U(1) symmetry relating to conservation of baryon number. The U(1)
problem mentioned in Section 3.1.1 may be resolved by considering that this
U(1) chiral symmetry is dynamically broken by instanton effects resulting
in the chiral anomaly. This is an inherent feature of the quantized theory
and chiral U(1) is not a true symmetry of the theory and hence the lack of
pseudo-Goldstone bosons whose mass vanishes in the limit mu = md → 0.
3.1.3 The CP Problem
As noted in [17], under the CPT Theorem, CPT symmetry may only be violated in
the case where there is violation of either Lorentz symmetry, locality or unitarity,
none of which we wish to consider here. We thus start by the assumption that
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CPT symmetry is preserved in strong interactions. In the 1960s, CP violation was
observed in weak interactions which implied T violation in order to preserve CPT
symmetry. In strong interactions, instanton effects result in an additional phase
degree of freedom to the QCD Lagrangian manifest in (3.24). This term potentially
violates parity (as immediately seen by the four space time indices in the full form
1
2
µνρσGρσG
µν) while preserving charge symmetry, [28] and hence can violate CP
symmetry. Why CP and separately T symmetry violation has not been observed in
strong interactions, despite being theoretically possible under the standard model,
is the CP problem. In a simplistic view, one may rotate away the CP-violating θ
term via a chiral transformation in the massless m = 0 QCD theory (3.1) and thus
preserve the CP and CPT symmetry, [26].
θ → θ −
N∑
i=1
αi, (3.27)
where i is the flavour index. We consider a two quark model with mu = md 6= 0
where [25] notes that the quarks acquire mass from the Higgs mechanism and
the quark mass matrix Mij need not necessarily be real nor diagonal. Chiral
transformations similar to (3.27) can be performed to diagonalize the mass matrix
to derive meaningful mass parameters, [25].
qiR → exp(iαiγ5
2
qiR) (3.28)
qiL → exp(−iαiγ5
2
qiL). (3.29)
However, the price paid for this is that CP breaking terms remain in the Lagrangian
as the quark mass parameters transform as mi → exp(−iαi)mi. The complex mass
term can be factored into one of the quarks, [31].
Mij =
(
mu 0
0 md
)
→
(
eiθmu 0
0 md
)
(3.30)
This results in the quark-mass phase αi being added to the θ parameter, [25]:
θ = θ +Niαi = θ + arg detMij. (3.31)
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Attempts to rotate away θ by further transformations as in (3.27) will result in
complex mass, and CP symmetry violating terms in the Lagrangian.
The neutron’s electric dipole moment (hence nEDM) is a measure of the separation
of the centers of negative and positive charge within the neutron and should be a
consequence of the CP-violating θ term in the effective Lagrangian when evident
as a complex quark mass term: [28].
LCP−viol = iθmq
[
qi
γ5
2
q¯i
]
. (3.32)
The nEDM can be computed by considering this θ term as proportional to a
one-loop correction in nn-meson coupling, [27] and a relationship of the following
arrived at, [28]:
dn ∼ 2.7− 5.2× 10−16θ, (3.33)
with the range depending on precise couplings considered. [29] in 2006 concludes
that the phenomenological accuracy puts the nEDM, dn < 2.9 × 10−26e cm.
The measurement method compares the Larmor frequency of the neutron spin
polarisation in applied electric and magnetic field when ~E and ~B are parallel and
anti parallel. Thus the term θ is limited by the lack of observational evidence
of the nEDM to be of the order θ < 10−10. θ is a phase originating as the sum
of two unrelated terms (θQCD and the electroweak-QCD interaction related term
arg detMij). Having period 2pi it could feasibly take any value from 0 ∼ pi. Why
it should be so close to 0 is the CP problem. The solution pertinent to this thesis
is a theorized additional U(1) symmetry and scalar field termed the axion. For
completeness, several alternatives are outlined, [27], [28], [31].
• Massless quarks: As pointed out above, in a massless quark model, one
may rotate away with a chiral transformation the CP breaking θ term to
eliminate (3.24), implying that in this case θ is not a physical parameter
within the theory. [27] notes that it is sufficient that the mass of the up quark
vanish (as evident in (3.30)), but also notes that Weinberg’s up/down mass
quark ration Z = mu
md
= 5
9
has historically ruled this out, and more recently
[32] showed in 2003 through lattice calculations that Z = 0.410± 0.036.
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• Spontaneous CP breaking : [28] postulates that the CP symmetry which
is theorized to be broken by the θ term is actually spontaneously broken. At
the bare Lagrangian level one may set θ = 0. However the same source notes
that the θ CP symmetry breaking term reappears at the one-loop level and
complex Higgs vacuum expectation values are needed to set the quantized
CP breaking terms to zero.
3.2 The Axion
3.2.1 Axion Models
The leading candidate for solving the CP problem is the axion. The idea was
first put forward in two papers by Peccei and Quinn in 1977, [33]. The theory
proposes a new global U(1) ”PQ” symmetry for the standard model (later termed
U(1)PQ with phase α
′). [33] showed that the condition for CP conservation in
eq. (3.34) below, i.e. θ + α = 0, could be naturally achieved in the quantized
Lagrangian, as the effective potential is minimized. The mass of the up quark is
rotated back to the real plane (achieving CP symmetry) and there is no need to
set mu = 0. U(1)PQ is spontaneously broken and a Goldstone boson produced
from one of the Higgs degrees of freedom. Here the CP-breaking phase is θ and
the phase associated with U(1)PQ is α.
M =
(
mu 0
0 md
)
→
(
eiθmu 0
0 md
)
→
(
eiθ+αmu 0
0 md
)
(3.34)
Peccei termed this spinless scalar field the axion a(x) such that when U(1)PQ
is broken at energy scale fa (known as the scale factor, or decay constant) it is
transformed as follows:
a(x)→ a(x) + αfa. (3.35)
In effect, when added to it, the axion promotes the phase θ (which is arbitrary) to a
dynamical parameter, or equally, the axion as a dynamical phase can be redefined
3.2 The Axion 52
to absorb θ. [35] notes that expressed in terms of the chiral anomaly (3.7), the
invariant effective Lagrangian has the following θ and a-containing terms (with
axion interactions not included here).
Lθ,a = −
1
2
∂µa∂
µa+ θ
g2
16pi2
Tr G˜µνGµν + ξ
a
fa
g2
16pi2
Tr G˜µνGµν , (3.36)
where a kinetic term for the axion field has been added by hand. We note the
negative sign in front of this kinetic term as a convention deployed in [35]. ξ is the
U(1)PQ chiral anomaly co-efficient defined by (3.7):
∂µj
µ5
PQ = −ξ
g2
16pi2
Tr G˜µνGµν , (3.37)
which appears when the U(1)PQ symmetry is explicitly broken by QCD instanton
effects, [31]. Mass acquisition by the axion provides a natural mechanism for the
minimization of the now-dynamical θ (as explained below). This initial model
triggered a search for the axion and many variations of it, most of which involve
the axion acquiring mass via coupling to other fields within the standard model.
They key axion models are outlined below.
3.2.1.1 Peccei-Quinn-Wilcek-Weinberg Theory
This model arrived soon after Peccei-Quinn’s initial papers following input from
Weinberg and Wilcek, [34]. In addition to the standard model Higgs doublet, the
PQWW model proposes an additional Higgs doublet, in which one field, φu couples
to up quarks and the other, φd to down quarks with no cross coupling. The model
requires that the quarks acquire their mass from the neutral components of the
new Higgs fields, φ0u and φ
0
d.
LPQWW−m = yuuLiφ0uuR + yddLφ0ddR + h.c., (3.38)
where mu = yuvu. The potential of the model is, [26]:
U(φu, φd) = −µ2uφ∗uφu −−µ2dφ∗dφd + h.c. (3.39)
3.2 The Axion 53
With the U(1)PQ symmetry, the Higgs, N quark fields (u and d) and θ parameter
transform as:
φu, φd → exp(i2αu)φu, exp(i2αd)φd (3.40)
u, d → exp(−iαuγ5)u, exp(−iαdγ5)d (3.41)
θ → θ −N(αu + αd). (3.42)
When electroweak symmetry is spontaneously broken the neutral Higgs compo-
nents φ0u,d acquire vacuum expectation values 〈φ0u,d〉 and hence Nambu Goldstone
fields.
〈φ0u〉 = vu exp(i
Pu
vu
) (3.43)
〈φ0d〉 = vd exp(i
Pd
vd
). (3.44)
In PQWW model, a linear combination of the two fields resulting from the
neutral components of the Higgs fields results in the Z boson, while its orthogonal
combination results in the axion field, a.
a = sin(βv)Pu + cos(βv)Pd, (3.45)
where βv is the angle between Pu and Pd, the Goldstone fields. The axion couples
to the quark fields resulting in complex quark mass which via the transformations
in (3.40) can be transferred to θ to give:
θ → θ − N(
vu
vd
+ vd
vu
)√
v2u + v
2
d
a, (3.46)
a change which can be absorbed by a redefinition of a. [26] notes that non-
perturbative QCD effects explicitly break U(1)PQ and result in the axion anomaly
term (third term on the right-hand-side of (3.36)). [35] notes that it may be
regarded as an effective potential for the axion.
U(a)eff = ξ
a
fa
g2
16pi2
Tr G˜µνGµν . (3.47)
The addition of the axion to the Lagrangian (3.36) allows the promotion of θ to a
dynamic variable (θ+ ξ a
fa
). This will have a minimum when the expectation value
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of the axion field < a >= −fa
ξ
θ. The fact that a is a dynamic variable provides a
natural means for this potential and the phase (θ+ξ a
fa
) to be minimized, addressing
the CP problem, where the < ... > is the vacuum expectation value operator.
<
∂U(a)eff
∂a
>= − ξ
fa
g2
16pi2
< Tr G˜µνGµν > |<a>=− fa
ξ
θ = 0. (3.48)
Differentiating again with respect to the axion field, [35] provides an expression
for the mass squared matrix for the axion:
M2a =<
∂2U(a)eff
∂a2
>= − ξ
fa
g2
16pi2
∂
∂a
< Tr G˜µνGµν > |<a>=− fa
ξ
θ. (3.49)
[25] and [37] show that due to inherent difficulties in computing low energy effective
QCD quantities, axion mass computations are more practical if the axion degrees
of freedom in (3.47) are transferred into effective interactions of the axion with
QCD (the pi and η mesons), and the term quadratic in a equated to the mass. The
PQWW axion mass has the following form (where mpi and fpi are the mass and
scale factor of the pi and v is the electroweak energy scale, ∼ 250GeV ), [35]:
ma−PQWW =
mpifpi
v
√
mumd
mu +md
∼= 25KeV. (3.50)
The PQWW model and its variations are firmly linked to the electroweak scale
as the field a is coupled with the Z boson. Experimental evidence soon ruled this
set of models out, but the axion dynamics remain valid in general for subsequent
models, which are outlined qualitatively below.
3.2.1.2 Invisible axion models
The PQWW model assumes that the U(1)PQ symmetry breaks at the electroweak
scale v resulting in a relatively heavy, coupled axion which was not found. If
fa >> v the axions are light (ma ∼ 1f ), weakly coupled and invisible. Making fa a
free parameter allows the axion to be a candidate for cosmological phenomena: cold
dark matter and to a lesser extent dark energy. In the Kim-Shifman-Vainshtein-
Zakharov (KSVZ) model [38], the axion is the phase of a new electroweak singlet
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scalar field and couples only to a heavier quark, Qh with interactions of the type
−hQhLφQhR− h∗QhRφ∗QhL, where φ is an electroweak scalar field singlet and h a
coupling. As with all axion models, a chiral anomaly term originating from (3.37)
arises. In KSVZ, rather than coupling directly to the (u and d) quarks (as in
PQWW), it couples to a heavier quark and the axion couplings are then induced
by the interactions of this heavier quark with other fields.
The Dine-Fischler-Srednicki-Zhitnitsky model, [39], like the PQWW model re-
quires a doublet of two non-standard model complex Higgs scalars. Like the
KSVZ model it also has an electroweak scalar singlet which transforms under the
U(1)PQ symmetry and whose phase results in the dynamical axion field. This axion
field then couples with the Higgs doublet and the complex degrees of freedom are
transformed to the chiral anomaly term as in the PQWW model. The two invisible
axion models share similarities. Firstly, they contain an electroweak (SU(2)×U(1))
scalar singlet which spontaneously breaks the U(1)PQ symmetry at some arbitrary
energy scale fa >> v with the axion degree of freedom resulting from the phase
α. QCD instanton effects explicitly break U(1)PQ at some energy scale µ less than
fa resulting in a chiral anomaly term of the form α
g2
16pi2
Tr G˜µνGµν which can be
regarded as a potential for the axion field, [25] which minimises to eliminate the
CP breaking θ term. Crucially, the axion may acquire mass via direct coupling to
heavy particles other than the light quarks at an energy scale less than µ. While
not derived in this paper a result is quoted from [35]:
ma−KV SF =
mpifpi
fa
√
mumd
mu +md
∼= 6.3×
[
106GeV
fa
]
eV, (3.51)
where the lack of dependence on v, the electroweak energy scale is noted. The
DFSZ axion mass has a similar form (not quoted here). fa is a free parameter in
both and (3.51) may be expressed in the general form for an invisible axion model:
ma =
µ2
fa
, (3.52)
where µ is an energy scale related to QCD confinement ΛQCD ∼ 0.2GeV . This
can set bounds for the value of fa via ma. These can be tested by considering
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the interactions a QCD axion is likely to have and the resulting cosmological
implications of these.
3.2.1.3 String Axions
String axion models arise from string compactifications generating PQ symmetries
which can be spontaneously broken. These involve natural origins for the PQ
symmetry unlike in non-string axion models. Model-independent string axions,
[43], arise from the antisymmetric tensor field of the bosonic and heterotic string
theories (we consider this axion later in the thesis, eq (5.70)). The properties of
the string axion do not heavily depend on the details of the compactification. [43]
computes the theoretical value of f as given by:
f =
√
2
αU
4pi
MP ∼ 1016GeV, (3.53)
where MP is the reduced Planck mass, and αU is proportional to the square of
the unified gauge coupling of ten-dimensional superstring theory compactified to
four dimensions. The value of f arises from the theory. The mass acquisition
scale µ is a free parameter. [43] notes that in order for these models to address
the CP problem, QCD instantons must be the dominant form of mass acquisition,
thus µ ∼ 0.2GeV . The authors note that higher energy scale instantons could
also play a role. Model-dependent string axions arise from the zero modes of the
antisymmetric tensor field, [43]. The f values are more variable in these models
with a typical value of f ∼ 1017GeV noted, but with f ∼ 1015GeV possible with
fine tuning of the string action parameters. As with the model independent string
axions, µ, the energy scale where the U(1)PQ symmetry is explicitly broken so that
the axion acquires mass, can be a free parameter of the model, depending on the
energy scale of instantons responsible for explicit symmetry breaking.
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3.2.1.4 Dark energy and axions
This brief review of dark energy is sourced from [44], [45], [47] and where noted.
Following the discovery of the acceleration of the expansion of the universe in 1998,
dark energy in the form of a homogeneous energy density, contributing almost three
quarters of the universe’s mass-energy, permeating all space and exerting a negative
pressure was postulated. A key revelation for theoretical physics of the newly
observed phenomenon was that it appeared as if particle physics developments
of the early universe were effecting current-era cosmology. [11] and [47] note a
required density for dark energy in the current era of UDE ∼ (10−3eV )4 to fit with
observations of the known mass of the universe and acceleration of the most distant
objects. A positive cosmological constant, interpreted as a universal vacuum
energy, of ΩΛ = 0.7 was immediately proposed as the simplest explanation of the
observed accelerating expansion. The source of this vacuum energy in the light of
the much larger fundamental energy levels associated with quantum theory remains
unclear. A vacuum energy originating from quantum theory, if one considers
very early universe energy levels close to the Planck scale would be 120 orders
of magnitude higher than the this required level. One may, as in renormalisation,
introduce counter terms to cancel the high vacuum energies but this requires ad-
hoc fine tuning. These and other difficulties have led to a second class of theories
being proposed grouped under the term ”dynamical scalar field models”, the most
well known of which are quintessence models, although others include tachyon
fields and dilatonic dark energy. [46] notes that current observations are unable
to rule in favour of either a cosmological constant or dynamical scalar fields (or
another form of theory) as the cause. Quintessence models currently are the most
favoured in theoretical dark energy research. They are represented by an scalar
field coupled to gravity with a potential U(φ) which may explain the dynamical
aspects of dark energy and perhaps other dynamical aspects of the Λ-CDM model
of cosmology, such as inflation, [47].
SQ =
∫
d4x
√−g
[
−1
2
(gµν∂µφ∂νφ)
2 − U(φ)
]
. (3.54)
3.2 The Axion 58
Initial quintessence models used a potential such as:
U(φ) =
M4+α
φα
, (3.55)
with α a positive parameter, and M an energy scale. The use of energy scales
observed in particle physics such as M = 1GeV can result in the required
energy density of the φ field without the need for further fine tuning, and provide
dynamical variation. We do not attempt to describe the details of the full range
of quintessence models here, but focus on axion-related dark energy theories.
Axion based quintessence models have emerged in the last decade. The
quintessence axion model [48], (1999, 2000) uses four new pseudo scalar Goldstone
bosons created by additional U(1) symmetries. Two of these relate to axions,
the other two make contact with hidden sector quarks to provide mass to the
axions. The two axions, fq ∼ Λplank and fa ∼ 1012GeV , describe quintessence
and the conventional CDM-QCD axion respectively. Mass acquisition occurs at
µ ∼ ΛQCD for the fa axion and at µ ∼ 10−12GeV for the fq quintessence axion.
The latter results in an ultra light mass of m ∼ 10−33GeV which is equated with
quintessence. The mechanism of the explicit symmetry breaking is via the two
additional bosons which have hidden sector interaction at the intermediate SUSY
scale (1013GeV ) and electroweak scale (102GeV ) respectively. The quintaxion [50]
(2002, 2009) builds from the quintessence model and seeks the qualities of a very
large f value and a slow roll of the potential to current times. It also relies on
a number of pseudo scalar Goldstone bosons, three in this case. Two of these
represent invisible axions and one is a model-independent string axion, aMI ≡ aq
and the other a composite axion acomp which is the QCD axion with f ∼ 1012GeV
and µ ∼ ΛQCD. aMI is the quintaxion with f ∼ ΛPlanck and m ≤ 10−32GeV and
slow roll potential U ∼ Λ(aq
fq
), where Λ ∼ f 2pim2pi ∼ 10−1GeV .
Several variations of the so called false vaccua theory postulate that the axion
field does not correspond to its true value, and this false vacuum can act as dark
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energy provided its lifetime is longer than the age of the universe. [53] suggests an
”unstable axion quintessence” model in which the minimum of the axion potential
is negative.
3.2.1.5 Heavy axion models
The heavy axion model in [54] is motivated by the lack of observational evidence for
the axion mass in the ranges predicted by the invisible axion and suggests axion
physics could fall under a superstring force, dubbed ”QC’D” which operates in
parallel and with similar properties to QCD. This model puts a lower bound on ma
of ∼ 5× 10−2GeV , with the explicit symmetry breaking scale ΛQC′D ≡ µ ∼ 3GeV
and f ∼ 2 × 102GeV . [55] (1997) builds on this idea. A toy GUT model with
S(U)5×S(U)5 gauge symmetry is considered with the second SU(5) a mirror of the
first, but breaking at lower energies and resulting in a QCD scale Λmirror > ΛQCD.
The axion acquires mass from mirror interactions and is equivalent to a PQWW
model in this mirror sector. The mass of the axion in this mirror PQWW-like
model is given by
ma ∼
(
Λmirror
ΛQCD
) 3
2
·
(
v
vm
) 1
2
·maPQWW , (3.56)
where v and vm are the Higgs VEV in the standard model and mirror sectors and
maPQWW is the axion mass as calculated by the PQWW model. A ma ≤ 103GeV ,
with Λmirror ≤ 105GeV is proposed. The value of f in this instance we have
f ∼ 107GeV . The model in [56], (1993) uses as its basis a ”Walking Technicolor”
model, which results in sextet quark-axion state, the η6, which the author notes
has the properties of a conventional Pecci-Quinn axion, but with higher color
instantons providing additional mass contributions. It suggests a ma ∼ 60GeV
with µ ∼ 102GeV suggesting a value of f also of this order, although a value for f
is not specifically referred to. In [58], (1992), as with other heavy axion models [56],
[57], breaking of the PQ symmetry occurs at just above the electroweak scale such
that f ∼ 2× 102GeV . Also as with other heavy axion models this uses non-Higgs
EW symmetry breaking, in this case via a heavy top quark and includes four quark
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flavours in total. A value of µ ∼ f ∼ 2 × 102GeV is used and a ma ∼ 103GeV is
computed.
3.2.2 Axion Physics
3.2.2.1 Axion interactions
We focus here on invisible axions which involve an electroweak singlet and thus
experience the electromagnetic and weak as well as the strong nuclear forces and
exhibit, depending on model, relevant interactions in the θ Lagrangian. In a
comprehensive review of axion physics [27] a generalisation of the θ-containing
terms in the Lagrangian is presented, (here the overline notation previously used
is dropped so that the θ of section (3.2.1) is now taken as simply θ and where it
is understood it is now dynamic and incorporates the pseudo-scalar axion field a
such that we may set θ ≡ a
fa
in the following descriptions).
Lθ = 1
2
f 2a∂
µθ∂µθ − 1
2g2c
GµνG
µν + (qLıDqL + qRıDqR)
c1(∂µθ)qγ
µγ5q − (qLmqR exp(ıc2θ) + h.c.)
+ c3
θ
16pi2
TrGµνG˜µν + c0γγ
θ
32pi2
TrFµνF˜µν + Lleptons,θ,
(3.57)
where the term c1 is the coupling of the interaction term derivative in θ, c2 is the
phase in the quark mass matrix, c3 is the coupling in the CP symmetry restoring
term, and c0γγ is the coupling of an electromagnetic anomaly term analogous to
(3.37) with Fµν the electromagnetic field strength tensor. Lleptons,θ contains axion
interactions with leptons. c1, c2 and c3 are couplings below the scale fa and the
quark mass matrix m is real. (3.57) is constructed as a general expression and
by assigning a non-zero values to combinations of c1, c2 and c3, well known axion
models result (e.g. the PQWW axion is given by c1 = 0, c2 6= 0 and c3 = 0, and
the KSVZ axion [38] by c1 = 0, c2 = 0 and c3 6= 0). [27] notes there are also
axion couplings to the electroweak bosons of the form θWW˜ and θZZ˜ which are
not shown here. It is noted that through θ = a
fa
all axion couplings are relatively
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weak, suppressed by a large fa. [27] notes that the CP symmetry restoring term
can be represented by a three quark instanton diagram of the kind first suggested
by ’t Hooft [15]. Couplings are represented graphically, (Figure 3.1).
Figure 3.1: Axion couplings represented by Feynman diagrams, with G the gluon, γ the
photon, q the quark and l leptons, [27].
• Hadron couplings: These are the basis of low-energy laboratory based
axion detection efforts and axion physics in supernovae. They are governed
by c1 and c2 containing terms in (3.57).
• Photon couplings: [1] (19.2) describes the one loop QED chiral anomaly
∂µj
µ5 = − e2
16pi2
TrFµνF˜µν where e is the electric charge and Fµν the
electromagnetic field tensor. In a manner analogous to the derivation of the
axion-gluon coupling term, a axion-photon coupling term arises, as noted in
(3.57):
Lθγγ = c0γγ θ
32pi2
TrFµνF˜µν . (3.58)
This may further be expressed in terms of the axion field a, and the electric
and magnetic fields E and B, [26]:
Laγγ = caγγaE ·B. (3.59)
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with:
caγγ =
cγα
pifa
, (3.60)
with cγ containing the model-dependence and α the electromagnetic fine
structure constant. For the DFSZ invisible axion model, cγ = 0.36 and for
KSVZ, cγ = −0.97, [26]. This coupling results in the a −→ γγ decay, which
[27] estimates has a lifetime of:
τ(a −→ γγ) = 64pi
3f 2a
caγγα2emm
3
a
, (3.61)
and notes that for caγγ ∼ 1, an axion with ma = 24eV has a lifetime of the
order of the age of the universe τU ∼ 4.35× 1017s.
3.2.2.2 Effective Potential of the Axion Field
In this research we utilize without formal derivation the commonly quoted form
(e.g. eq 29, [26]) for the effective potential of the axion field where m is a mass
scale:
U(a)eff = m
4(1− cos a
fa
). (3.62)
In (3.57),[27] provides an expression for the θ dependence in the axion’s Lagrangian,
and notes that the cosine effective potential of the form (3.62) is determined by two
fundamental properties of the axion - periodicity with period 2pifa and minima at
a = (0, 2npifa..), with n an integer. However, we note that (3.57) does not represent
an effective Lagrangian for all the θ terms, for example, the θ photon and lepton
coupling and kinetic terms have been added by hand. [27] notes that while the
cosine form for the effective potential may be a simplification the vast majority of
cosmological axion models use the initial cosine term as in (3.62).
The history of computations of the effective axion potential is reviewed briefly.
Prior to the initial suggestion of a new dynamical axion field in 1977, [33], ’t
Hooft, [15] and Weinberg,[23] described the non-perturbative nature of the QCD
vacuum. Based on this, Peccei-Quinn began with the following Lagrangian, where
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g′ and h are coupling constants and ψ and φ are fermion (quark) and Higgs scalar
fields respectively.
L = −1
4
GaµνG
aµν + ıψDµγ
µψ + ψ
[
g′φ
1 + γ5
2
+ g′∗φ∗
1− γ5
2
]
ψ−
| ∂µφ |2 −µ2 | φ |2 −h | φ |4 (3.63)
Peccei-Quinn find the effective potential of this axion model can be stated to a good
approximation to leading order in g′ and h and g′λ, where φ’s vacuum expectation
value is defined by 〈φ〉 = λ exp ıβ, with β and λ being real constants.
Vθ(φ) = U(φ)−K | g′φ | cos θ, (3.64)
where K is a real and positive constant, and θ is the dynamical axion phase. [33]
notes the limitations on this result in that g′ and h and g′λ are to leading order
and the region of validity being that these three constants be small. However the
authors note that for constant φ and using the dilute gas approximation (where
a dilute gas of instantons is approximated by considering a superposition of one-
instanton solutions at great distances from one another) (3.64) is valid to all orders
of g′λ. In recent research [53] the authors note that exact analytical solutions to
forms for the the QCD axion effective potential are limited by the presence in
the action of strongly coupled terms, while numerical methods are limited by
the imaginary nature of the action. They strive to demonstrate using the so-
called ”interacting-instanton-liquid-model” a cutoff independent formulation for
the axion potential and mass. It is noted that difficulties with these calculations
arise at low energy levels. [59], (2002) presents an analysis of the form of the
axion effective potential in light of new understandings of the QCD vacuum using
supersymmetric gauge and brane theories. The authors note that the potential
as in (3.62) may have higher cosine powers and in general is a smooth periodic
function of θ with period 2pi. They conclude that with axion models (including
invisible axion models) using light quarks such that mq  ΛQCD−cutoff (where
ΛQCD−cutoff is the cut off used to integrate out the QCD degrees of freedom), the
form (3.62) is valid. We make comments on our use of this form in our research in
section (4).
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3.2.3 Axion Phenomenology
3.2.3.1 Axion Production
Section 3.2.1 describes how the axion field arises as a result of spontaneous breaking
of the U(1)PQ symmetry at some energy scale fa and then acquires mass close to
ΛQCD. The production of massive axions from this method is known as vacuum
realignment, [26], with the axions characterised as non-relativistic and largely non-
interacting. If fa >> ΛQCD, as in invisible axion models, the axion may be
considered in the context of the ΛCDM model of the universe as a candidate for
cold dark matter. Considering the cooling of the universe following the big bang at
T0 the key temperature milestones are inflation reheating at TR, the temperature at
which the U(1)PQ is broken at TPQ and the QCD scale temperature at TQCD when
the axion acquires significant mass. [26] notes two additional plausible methods
of axion production from the vacuum which may contribute to an axion density
with the condition TR > TPQ. These are axion strings and domain wall decay.
We comment only on the former here for brevity. Axion strings [41], [60], are
theorised to arise from the U(1)PQ breaking as topological defects in a similar
fashion to cosmic strings arising as a result of a global U(1) symmetry breaking.
Axions are produced in the string oscillations until the strings decay. This decay
continues until the axions acquire mass at the QCD temperature scale [62], [61].
If TR > TPQ, the axion field is not homogenized by inflation and axion strings are
produced from TPQ.
We here consider only vacuum realignment as a production mechanism. At the
TQCD the axion acquires a temperature dependent mass ma and an effective
potential given by [26], [62], [63]:
Ueff = m
2
a(T )f
2
a (1− cos θ). (3.65)
If fa is very large and with suitable choice of a(x) the oscillations can be damped
and the potential varies only with m2a(T ). [26] considers the solution to θ(x) ≡
3.2 The Axion 65
a(x)/fa equation of motion in the FRW metric.
θ¨ + 3H(t)θ˙ − 1
S2(t)
∇2θ +m2aT (t) sin(θ) = 0, (3.66)
where T (t) is the time dependent temperature, S(t) is the scale factor, H(t) the
Hubble parameter equal to S˙
S
and dot is derivative with respect to time t. For
TR > TPQ, [26] derives a value of fa ' 1012GeV which from (3.51) results in
a lower bound for ma ' 6µeV . Other models and scenarios for early universe
axion production [26], [62], [75], [65] present a range of bounds. In axion models
based on U(1)PQ symmetry breaking occurring after inflation (or in inflation-less
cosmological models) estimates place fa in the range 10
8 ∼ 1012GeV , with the
upper limit of fa constrained by existing levels of cold dark matter observed. If
TR < TPQ estimates of the value of ma range from meV to neV levels (resulting
in fa in the range 10
9 ∼ 1015GeV ), thus raising the energy scale of fa to pre-
inflationary levels (ΛINFL ∼ 1014GeV , [67]). Given an existing density of axions
remaining from vacuum realignment, [59] notes that as well as the axion photon
conversion, the following processes (based on couplings in (3.57)) can result in
axion emission in astrophysical objects (stars):
• hadron-hadron bremsstrahlung-type interactions: H +H → H +H + a;
• photon-electron interactions: γ + e− → e− + a;
• electron-nucleus bremsstrahlung: e− +N → e− +N + a;
• photon fusion: γ + γ → a.
Observations of stellar energy loss result in a lower bound on the invisible axion
of fa ∼ 109GeV .
3.2.3.2 Axion Detection
In the original PQWW scheme for axion production, the mass would have been of
order 100keV , [25], and thus within the bounds of laboratory testing. Experimental
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studies of the PQWW axions have consisted of examining radioactive decay
and results to date [26] have not detected an axion-like particle at this mass.
Subsequent axion detection has focused on the search for cold dark matter-
motivated invisible axions. Detection efforts have centered around the axion-
producing version of the Primakoff effect. It is predicted that axions with
energies of a few keV may be produced in the interaction a ←→ γ + γ in the
presence of electric and magnetic fields within the solar plasma. Helioscope
experiments consist of dipole magnets orientated towards the sun to catch the solar
axions which would be converted to photons in the form of x-rays. The largest
helioscope experiment is the CERN Axion Solar Telescope (CAST) project [68]
operational since 2003. Initial results provided an upper limit for the coupling gaγ
of 8.8× 10−11GeV −1 applying to an axion mass of ma ≤ 0.02eV . Phase II results
increased the sensitivity of results to ma ≤ 0.4eV , with sensitivity of ma ≤ 1.2eV
predicted by 2011, [68], [69]. There are several searches underway specifically aimed
at axions being responsible in part for cold dark matter. The Cryogenic Dark
Matter Search (CDMS), [71] looks for possible solar-axion conversions to photos
or galactic-axion conversions to electrons within germanium crystal detectors. The
Axion Dark Matter Experiment (ADMX), [70], uses a microwave cavity detector
to search for CDM axions in the Milky Way galactic halo. The mass detection
zone for ADMX is 1.9 < ma < 3.4µeV . In [72], the authors refer to the theory
that axion-photon interactions can reduce the attenuation of very high energy
gamma rays (> 100GeV ) traveling over cosmological distances, but such effects
have not been observed within the Fermi gamma ray experiment. [66] summarises
the recent laboratory, astrophysical and cosmological limits placed on the invisible
axion’s mass and f values and regards the most conclusive evidence of axion mass
to come from stellar data. Restrictive limits arise from observed neutrino signals
from the SN 1987A Supernovae. If the axions are above the ma ∼ 10eV level, it
is argued that they would have been observed in the Cherenkov detectors used to
count the neutrino output. In a 2010 survey of data from the Fermi Gamma Ray
Space Telescope, looking at the high energy spectra from two specific sources, the
authors conclude that there is no evidence for an axion-like particle attenuation
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effect. To sum up, while axions have not yet been conclusively observed, Figure
3.2 cites the range in which they cannot be ruled out: 0.1meV ≤ ma ≤ 10meV
corresponding to a range for f of 1012 ≥ f ≥ 109GeV .
Figure 3.2: The bounds of the scale factor fa and mass with axion production and
detection methods, [27].
Chapter 4
Full Quantization of the Axion
4.1 Introduction
The axion is proposed as an additional degree of freedom necessary to explain the
lack of CP symmetry breaking observed when the action based on the bare QCD
Lagrangian (3.1) is quantized resulting in a one loop anomaly term (3.24). The full
axion Lagrangian is illustrated in (3.57). We note that the kinetic and non-QCD
interaction terms for the axion in this have been added by hand. Full quantization
of the axion should then realistically involve quantization of the axion degree of
freedom. There have been some recent attempts to do this (see for example [74]),
in axion models and we propose to further this in this research to shed new light
on fundamental physics arising from the axion in the early universe. Finally, it is
acknowledged that a large portion of the derivations in this section were published
in [76], (2010) by Alexandre and Tanner.
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4.2 Quantization of the Axion
We begin with an action in which the non-axion degrees of freedom have been
integrated out. We thus assume that for some general action containing axion and
non-axion fields, the following operation has been performed.
Z[J ] =
∫
D[φ] exp(−Sφ[φ]− Sθ[θ]), (4.1)
where φ represent the non-axion fields (gauge bosons, leptons, hadrons) and S[θ]
is the θ (axion) degree of freedom of the action. Section 3.2.2.2 describes attempts
made at such computations and general results obtained. We do not attempt
such detailed computations in this research and denote the resulting θ dependent
potential as U(θ) with the conditions only that it is periodic in θ with period 2pi
and U(θ) = 0 at θ = 0, 2pi, ....2npi, [27]. We consider this our bare action in a
general form.
Sθ =
∫
d4x
{
f 2
2
∂µθ∂
µθ +
∞∑
n=1
an(1− (cos θ)n)
}
. (4.2)
This is based on discussions outlined in Section 3.2.2.2 in which the most
generalised form of the axion potential is represented by a cosine power series,
[27]. Full quantization will determine the coefficients an and powers n of the
cosine. (The axion potential expression used commonly (3.65) is returned if only
a1 is non-zero). We place the f dependence in (4.2) in the the kinetic term and
make several remarks about our quantization approach. (Note: in this chapter, θ is
the phase of the dynamic axion field defined in section (3.2.2.1), i.e. a(x) = faθ(x),
and also we hence drop the a subscript such thatfa ≡ f).
• We define an ultraviolet cutoff Λ to impose on (4.2), which will, along with
f will be a parameter of the theory. We note at this point that Λ is distinct
from the cutoff used to integrate out the non-axion degrees of freedom in the
operation conducted in (4.1). This we term ΛQCD−cutoff and we assume that
ΛQCD−cutoff ≤ Λ. Further we point to recent research outlined in section
(3.2.2.2) suggesting the form of the periodic axion potential is independent
4.2 Quantization of the Axion 70
of ΛQCD−cutoff and we assume here that it is not a parameter of our theory.
We further assume that the cutoff Λ defines the upper limit of the theory
and as such f ≤ Λ.
• In terms of the the normalized scalar axion degree of freedom a = fθ in
(4.2) we wish to deploy non-perturbative methods derived in section 2.3.3.
Rather than an evolution with an energy scale k (as in the Wegner-Houghton
equation, (8.21)) we utilise another parameter of mass dimension, in this case
f , to describe the exact evolution equation. Such an approach is used in [103]
and [104] and in the string cosmology section of this thesis, in the context of
the bosonic string with the evolution parameter being the string mass scale.
While f is generally not considered a variable parameter within conventional
axion theory, it is not fixed in a physical sense, and we use the evolution of f
as a mathematical technique to arrive at our evolution equation. With similar
logic to [102], as f →∞ the theory describing the axion represents the bare
theory as the kinetic term is large compared to the potential term. As f
decreases, quantum fluctuations begin dressing the system. Thus evolution
with f in an exact equation similar to (2.55) should serve our purpose of
capturing all quantum effects in an effective expression.
• We utilise results on effective field theory outlined in Section 2.1 for our
quantization. In this, the starting point is the generating functional, Z[J ]
which defines the full quantum theory in path integral form (2.1). Then
via the definition of the connected graph generating functional Z[J ] =
exp(−W [J ]) we arrive at an expression for the effective action (2.9) which
is expressed in terms of the classical field φcl. We want to deploy the same
notation and results for the scalar axion field a(x) = fθ(x). We state the
partition function (or generating functional), Z[J ] in Euclidean 4-D space
time.
Z[J ] =
∫
Dθ exp−
(
S[θ] +
∫
dDxJ(x)θ(x)
)
= exp−W [J ]. (4.3)
We note that θ, while a phase periodic in 2pi, is also a function of space time
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and make the following assumption about computing (4.3).∫
Dθ ≡
∏
x
∫ 2pi
0
dθ(x). (4.4)
4.3 Detailed Calculation
Taking the derivative with respect to f (represented by an overdot) of (2.9) we
obtain (with φcl(x) replaced by θcl, the classical field for θ for which we now drop
the cl subscript and denote simply as θ):
Γ˙[θ] = W˙ [J ] +
∫
d4x
∂W [J ]
∂J(x)
∂J(x)
∂f
−
∫
d4x
∂θ
∂f
J(x) = W˙ [J ], (4.5)
following the methods used to arrive at (2.52). We have used ∂W [J ]∂J(x) = θ as
the definition of the classical field θ and consider a constant field configuration so
that ∂θ
∂f
= 0. As was done in (2.54), combining (4.2), (4.3) and (4.5) we obtain:
Γ˙[θ] = W˙ [J ] =
1
Z
Z˙ = f
∫
d4x < ∂µθ∂
µθ > . (4.6)
Which as derived in (2.55) can be computed as:
Γ˙[θ] = f
[(∫
d4x∂µθ∂
µθ
)
+ Tr
[
∂
∂x
∂
∂y
(
δ2Γ[θ]
δθxδθy
)−1]]
, (4.7)
where Tr[....] ≡ ∫ d4xd4y[....]δ4(x − y) and accounts for all quantum corrections
up to the distances which are the space time equivalents of Λ, our regularization
cutoff energy scale for the quantized axion theory. We now assume a generic form
for Γ as follows, with f dependence also in Ueff (θ):
Γ[θ] =
∫
d4x
{
f 2
2
∂µθ∂
µθ + Ueff (θ)
}
. (4.8)
We consider an axion field constant in Euclidean space time, θ = θ0. Using (2.16)
and taking the partial derivative with respect to f of Γ[θ] we have (with V the
Euclidean space time volume):
Γ˙[θ] = V U˙eff . (4.9)
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which we combine with (4.7) to get:
V U˙eff = fTr
[
∂
∂x
∂
∂y
(
δ2Γ[θ]
δθxδθy
|θ0
)−1]
. (4.10)
We evaluate δ
2Γ[θ]
δθxδθy
|θ0 from (4.8) using a derivation similar to that performed in
arriving at (8.23):
δ2Γ[θ]
δθxδθy
|θ0 = [U ′′eff (θ0)− f 2∂µ∂µ]δ4(x− y), (4.11)
where the ′′ refers to a second derivative with respect to the axion field θx. We
evaluate the expression under the trace in (4.7) and convert to momentum space.
We use: ∂µ∂
µ ≡ −p2, F (p) = ∫ d4xe−ip.x F (x) and ∫ d4xe−ip.x δ4(0) = V/(2pi)4.
fTr
[
∂
∂x
∂
∂y
(
δ2Γ[θ]
δθxδθy
|θ0
)−1]
= f
∫
d4xd4yδ4(x− y)
[
∂
∂x
∂
∂y
1
(U ′′eff (θ0)− f 2∂µ∂µ)
]
= f
∫
d4xd4yδ4(x− y)
[∫
d4p
(2pi)4
d4q
(2pi)4
−pµqµδ4(p+ q)
(U ′′eff (θ0) + f 2p2)
e−i(px+qy)
]
= V f
∫
d4p
(2pi)4
p2
(U ′′eff (θ0) + f 2p2)
, (4.12)
where we have equated δ4(0) in momentum space to the spacetime volume V .
Equating this (4.12) with Γ˙ as shown in (4.9) gives:
U˙eff =
∫
d4p
(2pi)4
fp2
U ′′eff (θ0) + f 2p2
. (4.13)
We evaluate the integral by considering
∫
dDp
(2pi)D
=
∫
dΩDp
D−1dp
(2pi)D
= ΩD
(2pi)D
∫
pD−1dp,
where the solid angle in four dimensions Ω4 = 2pi
2. We use the substitution x = p2
and
∫
p3dpf(p2) = 1
2
∫
p2d(p2)f(p2) = 1
2
∫
xf(x)dx to compute the integral (4.13),
where Λ is our high energy cutoff, above which our theory is not defined.
U˙eff =
Ω4
2(2pi)4
∫ Λ2
0
dx
fx2
xf 2 + U ′′eff (θ0)
,
=
1
16pi2
[
Λ4
2f
− U
′′
eff (θ0)Λ
2
f 3
+
[U ′′eff (θ0)]
2
f 5
ln
(
1 +
f 2Λ2
U ′′eff (θ0)
)]
. (4.14)
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4.4 Flattening of the Axion Potential
We refer to our description of the flattening of any concave potential in Section
2.4. In this it was argued that given the result expressed in (2.59), the shape of
the effective potential must be convex, with concave features quickly suppressed
by tachyon-mode fluctuations as the system undergoes quantization. We note that
the result arrived at in (4.14) is generic and is in line with the derivations used to
arrive at (2.59). We also point to our demand that the constraints on the effective
potential in (4.8) are that it be periodic in θ and Ueff (θ) = 0 at θ = 0, 2pi, ....2npi,
with n an integer. The periodicity and requirement that it be convex thus requires
Ueff in our theory to be flat, or only a0 6= 0 in (4.8). We thus require U ′′eff (θ) = 0
and (4.14) reduces to:
U˙eff =
Λ4
32pi2f
. (4.15)
We make several comments on this result. We can interpret Ueff , the effective
potential of the axion in (4.15), as a vacuum energy density associated with the
axion at some point in its evolution. It has general solution:∫ Λ
f
dUeff (f) =
Λ4
32pi2
∫ Λ
f
df
f
, (4.16)
and if we take the boundary condition that Ueff = UΛ when f = Λ:
Ueff (f) = UΛ +
Λ4
32pi2
ln
(
f
Λ
)
. (4.17)
We note that the condition (2.59) we have imposed on the solution to (4.14) applies
to a non interacting scalar theory, such as spontaneous symmetry breaking in the
double well potential as outlined in section 2.4. We note that interactions are
certainly present in axion theory as detailed in (3.57) and Section 3.2.2.1. (It is
also acknowledged that the axion coupling to the metric gµν is not considered in
this thesis). In a dynamical axion theory, these terms arise following spontaneous
symmetry breaking at energy scale f and subsequent mass acquisition by the axion
following contact with the QCD energy scale. We use the following qualitative logic
in the interpretation and relationships between UΛ, the spinodal instability effect
and the perturbative expansion of the quantized bare action (4.2).
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• The flattening of the potential induced by the spinodal instability is a
quantum effect which by nature includes all quantum corrections in the
resulting constant value of the effective potential, i.e. it is a tree level, exact,
non-perturbative value.
• In our evaluation of UΛ we are considering the potential at energy scale near
the cutoff where f = Λ→∞. In this regime, in the bare action represented
by (4.2), (and also by our scalar field approximation of this, represented by
the Lagrangian density introduced in the next paragraph, (4.19)) the bare
action may be considered to be quadratic in the field θ with the interactions
negligible, and hence free. As such the second derivative of the bare potential
is zero and the one loop correction is an exact expression of the full quantum
theory, as with the spinodal instability effect.
• We thus interpret the flattening of Ueff as an effect which provides a
contribution to the evolution of the effective potential in the early phase of
axion development, prior to mass acquisition and significant coupling effects.
We consider the axion scalar field expressed by θ = a/f , and are interested in the
evolution of this field near the cutoff when f → Λ. Thus with small θ, we may
express the Euclidean potential U(θ) in (4.2):
∞∑
n=1
an(1− (cos θ)n) = k1
2
θ2 − k2
4!
θ4 +O[θ6]
=
k1
2
(
a
f
)2 − k2
4!
(
a
f
)4 +O[(a
f
)6], (4.18)
where k1 and k2 are constants which are combinations of the factors an in (4.2)
(note the units of an and hence k1 and k2 are quartic in mass units). To terms
quartic in a
f
, (4.18) resembles the double well potential in (2.33). We may consider
the axion initially as arising from a U(1)PQ symmetry which is spontaneously
broken, a system whose classical Lagrangian for a scalar field φ ≡ φ(x) ≡ fθ is:
L = 1
2
[
(∂φ)2 + µ2φ2
]− λ
4!
(φ2)2, (4.19)
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where we now equate k1
f2
≡ µ2 and k2
f4
≡ λ. The one loop effective potential of such
a Lagrangian can be evaluated by reference to the Euclidean version of (2.21):
Ueff (φ) = U(φ) +
1
2
Tr ln[−∂2 + U ′′(φ)], (4.20)
where φ is the classical scalar field and U(φ) is the classical potential and we thus
have when Λ = f :
UΛ = U(φ) +
1
2
Tr ln[−∂2 + U ′′(φ)]. (4.21)
For completeness, we consider two cases, where µ = 0 and λ 6= 0; and vice versa.
• At µ = 0, λ 6= 0 (i.e. a vanishing renormalised mass squared condition) the
system can be considered on the verge of spontaneous symmetry breaking as
µ becomes > 0. As such, it may be considered that the system is in the initial
stages of the development of the axion field, discussed further in section (4.5).
In the derivation leading to (2.29),[2] provides a one loop effective potential
of (4.19). We state rather than derive the result here:
Ueff (φ) =
1
4!
λmφ
4 +
λ2m
(16pi)2
φ4
(
ln
φ2
m2
− 25
6
)
+O[λ3m], (4.22)
where m is an arbitrary energy scale being considered and λm the energy-
scale dependent effective coupling. Here φ is the classical field denoted by
φcl ≡< φ > elsewhere in this thesis. The term quadratic in λm is the first
order correction. The flattening of the potential exhibited in (4.17) is a tree
level effect and we identify the term UΛ with the first order correction in
(4.22). In our initial assumptions stated in the text following section (4.2)
we consider a constant axion field configuration θ = θ0. We further set a high
energy limit to our theory of Λ and found that spinodal instability effects
result in a flat effective potential. With these conditions in mind, we consider
a constant φ and also that φ,m << Λ, thus satisfying our approximation in
(4.18). We further now make an assumption that m ≈ φ based on the fact
that both are arbitrary for the purposes of our reasoning and both are small
compared to Λ. We note we are considering the case where Λ = f giving
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from eq. (4.17) Ueff = UΛ. We do not take the energy scale m (and therefore
φ) as equal to Λ as we wish to explore the behaviour at energy scales lower
than the cut-off of our theory, Λ. We wish to keep m in our theory as a
variable representing the energy scale below Λ at which we are investigating.
We further note that in this logic we should include the f
Λ
-containing term
in eq. (4.17) but we assume that the variation of f from Λ is not significant
leaving the assumption Ueff = UΛ.
We now have the following.
Ueff =
Λ4
32pi2
ln
(
f
Λ
)
+m4
(
1
4!
λm − 25
96pi2
λ2m
)
, (4.23)
and with f = Λ:
Ueff,f=Λ = m
4
(
1
4!
λm − 25
96pi2
λ2m
)
. (4.24)
In an analysis of the parameter λm, we note that the use of the classical
potential associated with (4.19) with µ = 0 in quantization of the axion is
similar to the approach taken in [74] where it is shown that invisible axions
form a Bose-Einstein condensate and in [26] and [75] where the axion field
evolution is considered. In [74] (here the conventional, invisible QCD axion
is considered as in section (3.2.1.2)) the authors use a φ4 scalar model for
the axion and compute the effective scalar coupling constant as follows:
λ =
m2a
f 2
m3d +m
3
u
(md +mu)3
∼= 0.35m
2
a
f 2
, (4.25)
where ma is the axion mass and md and mu are the up and down quark
masses. The authors state that this formula is obtained by using current
algebra methods to derive an expression for the axion effective potential and
equating the fourth-order coefficient to λ. While λm in (4.23) represents the
scalar coupling at the energy scale m and λ in (4.25) represents the coupling
at the QCD energy scale, as a cursory approximation we take λ ≡ λm, which
(with f = Λ) gives:
Ueff,f=Λ ∼ 4× 10−2 m
4
f 4
m4a, (4.26)
4.4 Flattening of the Axion Potential 77
which, as our energy scale m approaches the cut-off Λ = f reduces to
∼ 10−2m4a. Here we have assumed λ2 << λ. The mass of the invisible axion
has been experimentally reduced to a bound of 10−4eV < ma < 10−1eV ,
[26] and Figure 3.2. [11] notes a phenomenologically required energy density
for dark energy in of order UDE ∼ (10−3eV )4, which is representative of
commonly quoted values. While the result in (4.26) is limited in usefulness
by the inconclusive nature of the ratio m
4
f4
< 1, it could be that it does not
vary by orders of magnitude with accepted values for UDE.
The beta function for the coupling constant in φ4 scalar theory can be
expressed (2.30), ([1], 12.2), with m the energy scale:
β(λ) = m
δλ
δm
=
3λ2
16pi2
+O(λ3). (4.27)
The result (4.24) depends on λm and through this the energy scale m. Using
(4.27), fine tuning of (4.26) is likely necessary to arrive at a more accurate
residual axion energy density.
• We now consider the case of λ = 0, µ 6= 0: Here we consider the following
bare potential, from (4.19):
U(φ) =
1
2
µ2φ2, (4.28)
where µ is a mass parameter. In we similarly consider the flattening of the
potential as a tree level effect, the λ = 0 case for (4.20) may be solved directly.
UΛ = U(φ) +
1
2
Tr
{
ln
[
(−∂2 + U(φ)′′)]} (4.29)
=
1
2
µ2φ2 +
Λ4
64pi2
[(
1− µ
4
Λ4
)
ln
(
1 +
Λ2
µ2
)
− 1
2
+
µ2
Λ2
]
. (4.30)
We note µ is a mass scale associated with the bare axion potential and we
make the assumption that this is at least several orders of magnitude less
than the overall cutoff of our theory such that µ << Λ and we heglect the
1
2
µ2φ2 term in eq. (4.29). We thus have:
UΛ ' Λ
4
32pi2
ln
(
Λ
µ
)
, (4.31)
4.4 Flattening of the Axion Potential 78
and:
Ueff ' Λ
4
32pi2
ln
(
f
µ
)
. (4.32)
Here we have taken φ the classical field such that φ < Λ and assume φ2Λ2 <<
Λ4 in the evaluation of UΛ above. If, as in (4.26) we refer to [74] where µ is
equated to the axion mass, we obtain, with Λ a free parameter of the theory:
Ueff,f=Λ =
Λ4
32pi2
ln
(
Λ
ma
)
. (4.33)
We provide an interpretation of these results in section (4.5).
4.4.0.3 Axion Interactions
The description of the flattening of any concave potential in a scalar effective
potential when quantized and its resulting flattening of the scalar potential was
discussed in section 2.4 and refers to an effective potential where the source J(φ) is
zero, that is, a theory with only self interactions. As the axion makes contact with
the QCD and electroweak energy scales a range of interactions emerge as outlined
in section 3.2.2.1 and in (3.57). This means that J(φ) is not necessarily zero and
the convexity condition (2.59) (that is
δ2Ueff (θ)
δθ2
< 0) may not hold and it may
be avoided. For example we consider a non-QCD interaction, that of the axion
with leptons: gfθψ¯γ5ψ. Integrating out the lepton degrees of freedom results
in an expression for Ueff which contains the one loop correction to the lepton-
axion interaction term. In this, for simplicity, we assume the form of (4.8) is
m4(1− (cos θ)), where a1 = m4, the infrared cutoff is k′, the coupling is g and we
neglect the mass of the leptons and make use of (2.22).
Ueff = m
4(1− (cos θ))− 1
2
∫ k′
0
d4k
(2pi)4
ln
[
k2 + g2f 2θ2
k2
]
(4.34)
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We evaluate the second derivative of Ueff at θ = pi where the m
4(1− (cos θ)) form
is concave.
δ2Ueff (θ)
δθ2
|θ=pi = −m4 − g
2f 2k′2
16pi2
k′2 + 3g2f 2pi2
k′2 + 3g2f 2pi2
+
g2f 2
16pi2
(3g2f 2pi2) ln
(
1 +
k′2
g2f 2pi2
)
. (4.35)
For a high value of the cutoff, when k′ >> gf the result (4.35) is less than zero
and the spinodal instabilities arise, flattening the potential and it can be said
that the lepton interactions add to the concave potential. If k′ < gfpi, a realistic
assumption given the accepted value for f ∼ 1012GeV and if k′ ∼ 103GeV , the
electroweak scale, the spinodal instability effects can be avoided.
4.5 Summary and Discussion
In section (4.4) we described how the spinodal instability in the axion’s early stage
quantized potential flattened it. We thus derived a non-perturbative expression
for the evolution of the effective potential with f as in (4.15). We then assigned
a boundary condition to this differential equation such that the potential when
f = Λ is some value UΛ leading to:
Ueff (f) =
Λ4
32pi2
ln
(
f
Λ
)
+ UΛ. (4.36)
Physically, at energy level Λ, which represents the upper limit cutoff of our theory,
we consider that the evolution of the axion field in its earliest describable form. In
this sense, for very small θ, the commonly used cosine form of the axion potential
(3.62) may be equated to a double well scalar potential as in (4.18). We consider
that such a double well potential represents the origin of the spontaneously broken
U(1)PQ symmetry responsible for the axion field. An initial admission on this
analysis is it does not incorporate any time parameter describing evolution of the
field, but refers qualitatively to sequences of configurations. We consider that our
result (4.36) describes the system on the verge of spontaneous symmetry breaking.
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In the double well scalar potential (4.19) this occurs when µ changes from negative
(representing a symmetrical ”U” shaped potential) to positive, which is a form
where spontaneous symmetry breaking can occur. Thus we explore the µ = 0
point as when the axion field is emerging. At this point the axion has yet to evolve
fully and the effects of the spinodal instability serve to flatten the potential, prior
to any interactions. We thus regard the potential as being represented by our
result (4.36), the form of which is impacted by the spinodal instability which is a
tree level quantum effect. We consider that the term UΛ in (4.36) is a one loop
correction to this. We identify it with the one loop correction to the quantized
form of (4.19) at µ = 0, which we compute using an established result quoted in
[2]. The remaining parameters of our form for Ueff (f), when we take Λ = f , is
then λ, the scalar coupling constant of the quantized form of (4.19) and an energy
scale m used to compute the one-loop correction to the scalar field Lagrangian as
in eq. (4.22). We rely on work [74] in which the authors compute (using current
algebra methods) the effective scalar coupling constant in terms of f and the axion
mass ma. For Λ = f , the result which can then be expressed in terms of ma and
the ratio of m
4
f4
where m is arbitrary and less than Λ and f is the scale factor equal
to Λ (thus the ratio is small).
Ueff,f=Λ ∼ 4× 10−2 m
4
f 4
m4a, (4.37)
where m
4
f4
is an undetermined ratio less than one (but may be close to one as we take
m → Λ). We interpret this as an energy density associated with the axion at the
earliest phase in its development, prior to significant interactions, and influenced
by spinodal instability effects. (At later stages the axion acquires mass and resolves
the CP problem as well as providing a candidate for cold dark matter). With the
caveat that the ratio m
4
f4
is not determined by our theory, it could be that it is not
orders of magnitude away from required values for dark energy (UDE ∼ (10−3eV )4,
[11]). We make several further comments and refer to recent related research.
• The steps leading to (4.37) start with quantizing the dynamical field of the
axion. We next consider the quantum effect of the spinodal instability on the
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resultant field in its earliest phase of development. Finally we use and existing
result for the quantization of the double well potential approximating the
early phase axion field as a boundary condition to add numerical estimates
to our result. Thus our theory is very much a full quantum theory of the
axion.
• Section (3.2.1.4) outlined quintessence theories involving a dynamical scalar
field changing in space time, as evidenced by the accelerating expansion of
the universe in the current era. Key work in this area was conducted by
Kim and Nilles, [48], [49]. This focuses on linking quintessence with an ultra
low mass axion whose potential has ”slow rolled” down to a level associated
with the required dark energy value. The ultra low mass is obtained by
considering a high f -valued string axion or an axion which acquires mass
through contact with some hidden sector quark of ultra low mass. In contrast,
our result (4.37) does not rely on any non-standard model physics other than
the proposed QCD axion.
• The well cited works by the same authors in [63] and [64] describe a family
of particles termed ”pseudo-Nambu-Goldstone-bosons” (PNGB), of which
the axion is an example. These particles exhibit spontaneously broken U(1)
symmetry at a scale f and further explicit symmetry breaking at a lower
scale µ, and acquiring a mass ∼ µ2/f . [63] treats the neutrino as a PNGB,
and attempts to link its dynamical field to an effective cosmological constant
for several expansion times in the universe. We note that this approach links
the mass of the neutrino-PNGB at certain eras to achieve required energy
densities. [11] builds on the well-cited work in [63] but, as in our analysis,
considers spinodal instability effects on the cosine form of the neutrino’s
effective potential resulting in a flat energy density of M4, where M is the
mass of a light neutrino, corresponding to a dark energy like effect. In
contrast our work, with the QCD invisible axion as the PNGB, results in
m4a being proportional to an energy density which we compare with dark
energy.
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• We have characterized the early phase axion field as being flat due to spinodal
instability effects. Quintessence models require a dynamical scalar field, [47].
We have discussed only qualitatively the evolution of the axion field. Further
analysis of our result is necessary to determine how (4.37) could be shown
to evolve into the current era. In terms of the axion mass, ma which is a
free parameter of our theory, [53], for example, provides a discussion on how
the axion mass may evolve with temperature scale T in the early universe
evolution (the result m2a = αaΛ
4/f 2a (T/Λ)
n) is quoted where αa = 10
−7 and
n = 6.68). Additionally the parameter λ can be considered as a running
coupling whose evolution with energy scale is governed by a beta function as
in (4.27).
Chapter 5
Background to String Cosmology
Since its emergence in the 1970s and revival in the 1980s, string theories have
occupied a central position in theoretical physics in the quest to unite gravity with
the quantum field theories associated with the standard model. Our motivation
within the string context is to implement the non-perturbative approach outlined
in section (2.3.3) to the simplest string-based quantum field theory - the bosonic
string including the string-axion - and examine any cosmological predictions the
solutions suggest. As such, this thesis makes no attempt to review the breadth
of topics within string theory such as advances in superstrings, D-brane and M-
theories. Rather we focus on the bosonic string as a conformal field theory and
its applications in cosmology. In section (3.1.1), scale invariance was discussed
in the context of QCD where it was noted that the breaking of this symmetry
results in the particular form of asymptotic freedom demonstrated by the strong
interactions. Scale invariance is a specific case of wider conformal invariance,
and this symmetry provides important constraints in forming many viable string
cosmology configurations. The following account is derived from [77] and [78], and
other sources where noted.
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5.1 Bosonic String Theory
5.1.1 Introduction to the Bosonic String
String theory provides what many consider to be the leading candidate for
incorporating the highly successful quantum field theories of the standard model
with Einstein’s equally successful theory of gravity. [77] notes areas where the
picture of our universe based on these two theories is incomplete. Firstly, the
standard model implies a particular pattern of fields and particles with certain
initial conditions required. These conditions are not naturally derived from the
standard model’s equations but rather need to be set by hand or from observation.
Secondly, a quantum field theory of gravity is non-renormalisable in four spacetime
dimensions. Thirdly, classical gravity breaks down at its singularities. With
regards to the second point, the non-renormalisable nature of quantum gravity
can be qualitatively seen by dimensional analysis. We consider quantum gravity
as the exchange of gravitons between two massive particles with associated higher
order quantum corrections. The one-graviton exchange is equivalent to the classical
Figure 5.1: Simple illustration of quantum gravity: (a) two free particles (zero graviton),
(b) one-graviton correction and (c) two-graviton correction, [77]
theory of gravity and its amplitude is proportional to GN , Newton’s constant. The
ratio of the amplitudes of (b) to (a) must be dimensionless and thus proportional
to GNE
2h¯−1c−5 where E is the energy scale, as this is the only dimensionless
combination of the parameters available. With h¯ = c = 1 one has by definition
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GN ∝M−2P whereMP is the Planck mass. Thus the one-loop to tree level amplitude
ratio is proportional to ( E
MP
)2, meaning it is weak at the low energies of particle
physics effective field theories but perturbative quantum gravity field theory breaks
down at high energies> MP . The two-graviton to tree level ratio similarly diverges,
proportional to ( E
MP
)4. Such divergences have not been shown to be controllable
via renormalisation as was successfully done with QED and other field theories
in the 1970s and a non-zero fixed point for the quantum field theory of gravity is
not known. Alternatively it can be considered that new physics emerges beyond
the Planck energy scale, and string theory is a leading candidate. To avoid the
high energy divergences, one dimensional strings (as opposed to point sources in
conventional particle physics) are considered to be the basic building blocks of
nature, moving in a two dimensional worldsheet. This one dimensional string lives
in D dimensional spacetime, called target space. Very qualitatively, high energy
Figure 5.2: Particle, String and Brane in Two Space Dimensions
divergences may be ”smeared” out over the string to reduce them. The length of
a string corresponds to the Plank length lP which is considered fundamental. In
classical, non-string physics a zero-dimensional point source particle moves through
spacetime and its motion can be described by D− 1 functions of time t = X0, (or
X i(X0) in Minkowski notation). In a covariant form, the motion can be described
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by D functions of Xµ(τ) where τ is a newly introduced worldline parameter. A
key point is that the choice of τ , as an additional, non-physical degree of freedom,
should not affect the physics. Thus:
X ′µ(τ ′(τ)) = Xµ(τ), (5.1)
with the simplest Poincare-invariant action given by (where a dot indicates a
derivative with respect to τ):
SP = −m
∫
dτ
√
−X˙µX˙µ. (5.2)
This has the two local symmetries of worldline reparameterisation-invariance (i.e.
X ′µ(τ ′(τ)) = Xµ(τ)) and Poincare invariance. The action (5.2) may be expressed
in an equivalent form with the introduction of an additional parameter η(τ) where
η =
√−γττ (τ) where γττ is the worldline metric. Now the action can be expressed:
S ′P =
1
2
∫
dτ(η−1(X˙µX˙µ − ηm2), (5.3)
where m can be considered as the particle’s classical mass. While S ′P contains an
additional parameter η, it is quadratic in the derivatives of Xµ and its quantization
in terms of a path integral can be more easily achieved. The action in (5.3), however
turns out to be non-renormalisable in four dimensions as discussed qualitatively
in terms of dimensional analysis above. In [79], Polchinski notes that an elegant
means of removing these divergences in that instead of a point we consider a
one dimensional object as fundamental, a string, with an additional worldsheet
parameter σ as well as the τ in (5.3), as illustrated in Figure (5.3). With a string
as basic, a two dimensional worldsheet is traced out and one may define the an
induced metric such that:
hab = ∂aX
µ∂bXµ, (5.4)
where a and b run over the two world sheet coordinates σ and τ . The parameters
τ, σ form a two dimensional vector we will denote as ξa = (τ, σ). It is termed
”induced” as it is superimposed on spacetime target space via the metric gµν and
may be written:
hab = ∂aX
µ∂bX
νgµν(X
α). (5.5)
5.1 Bosonic String Theory 87
Figure 5.3: Worldsheet Parameters
Thus the induced metric is defined by the spacetime manifold in which it is
embedded and whose metric may be dependent on the spacetime coordinate Xα.
It is noted that in eq (5.15) the index α is not summed over and thus Xα acts as a
scalar in this equation. The simplest Lorentz invariant action (analogous to (5.2)
for a worldline based theory), the Nambu-Goto action is given by:
SNG(h) = − 1
2piα′
∫
dτdσ
√
−det(hab), (5.6)
where α′ is a parameter of the string theory with units of inverse energy squared
(or length squared in a h¯ = c = 1 convention) which is inversely proportional to
the tension of the string. (α′ is termed the Regge slope). One may express the
action in a manner analogous to (5.3) in the Polyakov action:
SPo = − 1
4piα′
∫
dτdσ(−γ) 12γab∂aXµ∂bXµ, (5.7)
where γab is a newly introduced independent worldsheet metric with γ = det γab
and γab = −γab. It is introduced in order to make the resulting Polyakov action
more suited to the path integral formalism, while it introduces an additional degree
of freedom compared to the Nambu-Goto action in that γab is proportional to hab
with the proportionality constant to be fixed by hand. The Nambu-Goto action
may be recovered from the Polyakov action by the relationship:
hab(−h)− 12 = γab(−γ)− 12 , (5.8)
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and the definition of hab in (5.8). As evident in the definition for hab in eq (5.15),
γab also has an indirect dependence on the spacetime coordinate X
α. The form of
(5.7), like (5.3), does not contain a quadratic under a square root and is easier to
quantize. There are three important symmetries which are manifest in the form
of SPo in terms of the invariance of the underlying spacetime physics.
• Poincare invariance of the spacetime coordinates (called target space) in
which the string is embedded (where µ = 1....D, in D dimensional space
time). The worldsheet metric γab remains the same in any Lorentz frames.
This is a global symmetry of the action SPo and affects the spacetime
parameter and worldsheet metric as follows.
X ′µ(ξ) = ΛµνX
ν(ξ) + kµ. (5.9)
γ′ab(ξ) = γab(ξ), (5.10)
• Diffeomorphism (or diff) invariance of the two worldsheet dimensions
implies that physics is independent of the choice of worldsheet parameters
τ, σ and can be expressed by the following transformations which leave the
action invariant:
X ′µ(ξ′) = Xµ(ξ), (5.11)
while the worldsheet metric transforms as a covariant tensor under a shift in
coordinates ξa(τ, σ)→ ξ′a(τ ′, σ′):
γab(ξ) → γ′ab(ξ′) =
∂ξc
∂ξ′a
∂ξd
∂ξ′b
γcd(ξ). (5.12)
Diff invariance implies that the physics on the target space Xµ is independent
of the choice of worldsheet parameters.
• Weyl invariance of the two worldsheet dimensions is a local rescaling of the
worldsheet metric γab(ξ) which leaves the action and physics on the target
space invariant:
γab(ξ) → γ′ab(ξ) = exp(2ω(ξ))γab(ξ), (5.13)
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and
X ′µ(ξ) = Xµ(ξ). (5.14)
This symmetry is not present in the Nambu-Goto action, and arises in SPo
as the worldsheet metric γab is determined up to a scale factor represented
by the proportionality relationship in (5.8) which can be rephrased, [78]:
hab = f
2(ξ)γab, (5.15)
with f(ξ) a non-vanishing worldsheet function. The fact that this propor-
tionality is governed by f 2 means that the signatures of the metrics hab and
γab agree. Choice of f(ξ) is analogous to choice of gauge in quantum field
theories. In the Nambu-Goto action, f(ξ) is a constant and the symmetry
is not evident. (We note here that Weyl invariance is a generalised form of
the scale invariance of QCD expressed in (3.11), which is the global version
of (5.13) where ω(τ, σ) = constant).
Thus through the diff and Weyl invariance in the worldsheet metric γab,
the action (5.7) contains three redundant degrees of freedom. On the other
hand, the quadratic form of the Xµ ”fields” in this action as compared to
the Nambu-Goto action makes path-integral quantization possible. These
redundancies need to be fixed however, in the course of the quantization
process.
The metric γab(ξ) is a symmetric two by two matrix meaning it has three degrees of
freedom. One may, via suitable choice of the diff transformation, fix two of these,
as noted by the contractions in the transformation (5.12). The remaining degree
of freedom, associated with the Weyl invariance, may be set by choice of ω(ξ). So
one may define the worldsheet metric:
γab(ξ) = exp(2ω(ξ))γ̂ab , (5.16)
where here both γ̂ab and ω(ξ) are fixed. A common choice of γ̂ab is δab, the flat
metric, known as the fiducial gauge. The string parameterised by τ and σ in Figure
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(5.3) is an open string. If the string has a defined length, l, one has for an open
string:
−∞ < τ <∞, 0 ≤ σ ≤ l, (5.17)
and the worldsheet is an infinite strip of width l. One may also consider a closed
string which forms an infinite cylinder such that it has the constraints:
Xµ(τ, 0) = Xµ(τ, l); γab(τ, 0) = γab(τ, l), (5.18)
that is, the parameter σ is periodic with period l. So far in our discussion, the
worldsheet metric γab has a Euclidean signature (+,+). However, one may have
a worldsheet metric with a (−,+) Minkowski signature and the τ parameter may
be considered analogous to the time coordinate, X0 in spacetime. In this case, the
indices a, b may be raised or lowered by γab in conventional Minkowski fashion. As
a final general point [77] notes that all string theories contain closed strings but
not all contain open strings as the former can be created from the latter.
As a note on convention, in this thesis, worldsheet indices will always be denoted
by a, b with spacetime indices left in the conventional Greek nomenclature (µ, ν...).
5.1.2 Classical String Actions and Constraints
In the Polyakov action for the string, the spacetime coordinate Xµ and the
worldsheet metric γab are treated as independent variables of ξ. In effect, X
µ
can be regarded as a scalar field, (with µ an inactive index in (5.7)), coupled to
the metric γab. One may obtain two sets of constraints on the classical string via
minimising Xµ and γab with respect to the action.
δSPo =
∂SPo
∂γab
δγab =
∂SPo
∂Xµ
δXµ = 0. (5.19)
We consider first the variation of SPo with X
µ, [78].
δSPo = − 1
2piα′
∫
dτdσδXµ∂a
(
(−γ) 12γab∂bXµ
)
, (5.20)
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with total derivatives set to zero and left out here. This results in the constraint:
∂a
(
(−γ) 12γab∂bXµ
)
= (−γ) 12∇2Xµ = 0, (5.21)
where ∇2 ≡ ∂a∂a. An additional surface term will result if boundary conditions
such as (5.17) are placed on the string. This surface term vanishes if:
∂σXµ(τ, 0) = ∂σXµ(τ, l) = 0, (5.22)
i.e. the derivatives of Xµ with σ vanish at the boundary (known as the Neumann
conditions, [77]). In the closed string the surface term vanishes naturally. Variation
of γab with respect to the action defines the stress energy tensor for the worldsheet,
[77]:
T ab(τ, σ) = − 4pi√−γ
∂SPo
∂γab
= − 1
α′
[
∂aXµ∂bXµ − 1
2
γab(∂cX
µ∂cXµ)
]
. (5.23)
Diff invariance means that:
∇a(∂aXµ∂bXµ) = ∇aT ab = 0. (5.24)
Weyl invariance as governed by the transformation in (5.13) means that an
infinitesimal variation of the parameter γab is (to first order in the expansion of
exp 2ω):
δγab = 2ωγab, (5.25)
which when substituted into the equation of motion for γab in (5.19) gives:
2ωγab
∂SPo
∂γab
= 0, (5.26)
which, since ω is arbitrary, leads to:
γab
∂SPo
∂γab
= 0, (5.27)
finally leading to the trace of the stress energy tensor vanishing, a direct
consequence and condition of Weyl invariance in the classical string.
γab
∂S
∂γab
= 0⇒ T aa = 0. (5.28)
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Thus we have, in solving the equations of motion of the worldsheet metric,
γab deployed two key symmetries (diffeomorphism and Weyl invariance) of the
Polyakov action to derive results. Further, while our discussion relates to bosons
only, fermions may be considered by the addition of super-symmetry, and this
forms the basis of the current generation of superstring theories (which will not be
discussed in this thesis). The Weyl and diff invariance of (5.7) are fundamental to
the quantization of the classical string and in setting boundary conditions for use
in string cosmology.
5.1.3 Conformal Invariance
Continuous conformal transformations on a manifold rescale the metric but
preserve locally angles (and hence shapes). Considering D dimensional geometry
with metric gµν and line element ds
2 = gµνdx
µdxν , under a change of coordinates
x→ x′ one has:
gµν → g′µν(x′) =
∂xα
∂x′µ
∂xβ
∂x′ν
gαβ(x). (5.29)
The conformal group is the group of transformations which leave the metric
invariant up to a position dependent scale factor such that gµν → g′µν(x′) =
ω(x)gµν , [80]. These are the transformations which preserve the angle between
two vectors on the manifold. The infinitesimal generators of the conformal group
can be found by considering the transformation xµ → xµ + µ, where µ is small.
To satisfy (5.29) one must have (quoted here without derivation), [80]:
∂µν + ∂νµ =
2
D
(∂ · )ηµν . (5.30)
The following types of transformations leave the metric invariant as in (5.29) (where
aµ and bµ are constant vectors):
• translations independent of x: µ = aµ;
• rotations: µ = σµνxν ;
• scale transformations: µ = λxµ;
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• special conformal transformations: µ = bµx2 − 2xµb · x.
The first two are a representation of the Poincare group (ω = 1), the third are
scale transformations (ω = λ−2) while the special conformal group has ω(x) =
(1 + 2b · x+ b2x2)2. When dimensionality D = 2, (5.30) results in :
∂11 = ∂22; ∂12 = −∂21, (5.31)
which are the Cauchy-Riemann equations providing a sufficient condition for a
differentiable function to be holomorphic. Thus we may write the above coordi-
nates in the complex plane: z, z¯ = x1 ± ix2 and the two dimensional conformal
transformations are a representation of analytic coordinate transformations in z, z¯:
z → f(z), z¯ → f¯(z¯), (5.32)
and ds2 = dzdz¯ → ∣∣∂f
∂z
∣∣2 dzdz¯ with ω = ∣∣∂f
∂z
∣∣2. The local symmetry group is infinite
dimensional in the special case of D = 2 which provides for the complexity of a
two dimensional conformal field theory such as the bosonic string theory under
discussion here. (We note that D here refers to the dimensionality of the geometry
in general and not necessarily physical spacetime dimensionality). [80] notes that
a combination of diff and Weyl invariance in a two dimensional field theory with
a Euclidean metric as in Section (5.1.2) is equivalent to conformal invariance on
a complex worldsheet such as the analysis leading to (5.31). We may restate the
Polyakov action by expressing the worldsheet coordinates (τ, σ) in the complex
plane. First we consider the Polyakov action (5.7) with a flat Euclidean worldsheet
metric γab = δab = (1, 1), [77], and hence the change of sign compared with eq.
(5.7):
S =
1
4piα′
∫
d2τ(∂1X
µ∂1Xµ + ∂2X
µ∂2Xµ). (5.33)
The choice of γab = δab fixes the local gauge of the worldsheet metric to be
flat, a commonly used configuration for quantization. The complex worldsheet
coordinates are:
z = σ1 + iσ2, z¯ = σ1 − iσ2, (5.34)
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and
∂z =
1
2
(∂1 − i∂2), ∂z¯ = 1
2
(∂1 + i∂2), (5.35)
with terminology ∂ ≡ ∂z and ∂¯ ≡ ∂z¯ used. Now (5.33) becomes:
S =
1
2piα′
∫
d2z(∂Xµ∂¯Xµ). (5.36)
The equation of motion obtained by minimising the Xµ field becomes:
∂∂¯Xµ(z, z¯) = 0. (5.37)
In (5.28) Weyl invariance was shown to result in a traceless stress-energy tensor.
In the the coordinates (5.34) this becomes:
Tzz¯ = 0, (5.38)
while the equivalent of (5.21) becomes:
∂¯Tzz = ∂Tz¯z¯ = 0. (5.39)
We denote Tzz ≡ T (z) and Tz¯z¯ ≡ T˜ (z¯), and for a free massless scalar theory the
analogy of (5.20) leads to the following forms for the stress-energy tensor.
Tzz = T (z) = − 1
α′
∂Xµ ∂Xν ηµν
Tz¯z¯ = T˜ (z) = − 1
α′
∂¯Xµ ∂¯Xν ηµν
Tzz¯ = 0 , (5.40)
which are equivalent to the requirements of diff invariance that the stress energy
is conserved (5.24) and from Weyl invariance that it is traceless (5.28). Invariance
of the target space physics with respect to conformal transformations of the
worldsheet metric is a highly desirable feature of a string theory attempting
to describe the physical universe. We have stated that a test for conformal
invariance in both the real and complex planes of the worldsheet space relate
to the conservation of and trace-vanishing properties of the stress energy tensor.
Discussion thus far has remained at the classical level. We now consider
implications of quantization on the above results, and the constraints imposed
on this process by the conformal conditions.
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5.1.4 Quantization of the Bosonic String
Rather than offer a comprehensive account of the derivations, methods and tools
involved in quantization of the bosonic string, common results are simply quoted.
Following the above account of how conformal invariance presents key constraints
in the classical theory, our aim is to build a brief background leading to an
explanation of Weyl anomalies in the quantized theory. In a quantum field theory
of the classical bosonic string, the fields are promoted to operators. In (5.36) both
Xµ and γ become operators and are functions of ξ. The theory may be quantized
using the path integral formalism, where the partition function of an action S[X, γ]
is:
Z =
∫
[dXdγ] exp(−S[X, γ]), (5.41)
where this integral runs over all worldsheet metrics γ and all values of Xµ(ξ)
(where the index µ is not integrated over). The integration over the world sheet
dγ is conducted over the three degrees of freedom in the metric γab, and it is
here that anomalies arise which set a limit on the spacetime dimensionality of
the effective theory if conformal invariance is to be preserved. In the quantized
theory, T aa does not necessarily vanish as it does in the classical theory, but is
proportional to the central charge of the theory, c. The value of c is found through
the summation of the central charges arising from various sectors of the theory.
For the bosonic string, the central charge has contributions from the spacetime (of
dimension D) coordinate acting as a scalar field (cX = D) and from the ”ghost”
sector (cg = −26) so that (results stated rather than derived here):
c = cX + cg = D − 26. (5.42)
The setting of c = 0 provides for the well known D = 26 constraint of the free
bosonic string. In quantizing the Polyakov action (5.7), we use a Euclidean metric
γab of signature (+,+) and with dσdτ replaced with d2ξ.
SX =
1
4piα′
∫
d2ξ
√
γγab∂aX
µ∂bXµ. (5.43)
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We generalise (5.43) by adding a term which is allowed by the Poincare and diff
invariance. This results in a term (SR) which may be added to SX :
SR =
1
4pi
∫
d2ξλ
√
γ R(2). (5.44)
Here R(2) is the Ricci scalar constructed from the metric γab and λ is a coupling
(which we will later relate to the dilaton). The term (5.44) is invariant under
Poincare, diff and Weyl transformations on a worldsheet without boundaries, [79],
resulting in our most general classical action, (which we denote simply as S here):
S = SX + SR =
1
4piα′
∫
d2ξ
√
γ
(
γab∂aX
µ∂bXµ + λα
′R(2)
)
. (5.45)
The expression 1
4pi
∫
d2ξ
√
γ R(2) is known as the Euler number, χ, and depends only
on the topology of the worldsheet. Under a path integral operation as in (5.41) this
term produces a factor of exp(−λχ) which impacts only the relative weightings
the various topologies of the worldsheet hold in the path integral summation.
Interactions on the worldsheet, including string self interactions are determined
by the topology as defined by γab, which in turn has a unique Euler number.
This Euler term in the path integral quantization of the action (5.45) controls the
coupling constants in string theory, with the couplings being related to exp(λ).
The path integral (5.41) contains redundancies resulting from configurations of
(X, γ) and (X ′, γ′) related by the diff and Weyl transformations describing identical
spacetime physics and it needs to be gauge fixed to avoid unphysical divergences.
This can be done by the Faddeev-Popov method, [81], used commonly in gauge
theory, where slices of each identical gauge are taken only once. A common gauge
choice is to fix the metric such that γab = δab = (1, 1).
In quantum field theories, Feynman rules for calculating cross sections denote
a particle at external point x with momentum p by exp(−ip.x). Likewise, string
interactions are usefully described with the aid of vertex operators. In conformal
field theory, ([77], p 63) there is an isomorphism between the set of allowed states
in the quantised theory and the set of local operators describing the quantum field
theory. While details of this concept will not be developed here, as an example,
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the lowest permissible energy state of the closed string spectrum can be described
by a vertex operator in the string action:
V0 = 2gc
∫
d2ξ
√
γ exp(ik.X), (5.46)
where X ≡ Xµ(ξ) and k is the momentum in worldsheet space, and gc is the
string coupling. In this particular example, the state is characterised by having
negative mass squared and is known as the tachyon. In this language, the lowest
states of the closed string act as local operators and can be regarded as interacting
background fields all of which depend on the Xµ(ξ) parameter (where the µ index
remains inactive thus far). The free bosonic string theory represented by the most
general version of the Polyakov action (5.45) thus becomes an interacting theory
with the vertex operators representing the lowest quantum states playing the role
of interacting fields. In the next section we will state the full action we will use
for string cosmology, based on the expansion of the Polyakov action to include low
level energy states of the string represented by local vertex operators.
5.1.5 The Bosonic String in Curved Spacetime
We now replace ∂aX
µ∂bXµ with gµν(X)∂aX
µ∂bX
ν and thus are considering the
string in a curved target spacetime. (In the notation gµν(X) we leave out the µ
index on X as it is still inactive). One may consider the curved spacetime metric
gµν(X) = ηµν + χµν(X), where χµν(X) is an incremental variation in the metric
at point X. The term χµν(X) can be equated to a vertex operator representing a
coherent vibrational mode of strings known as the graviton, whose dynamics are
denoted by sµν and where gc is a coupling:
χµν(X) = −4pigc exp(ik.X)sµν . (5.47)
Expanding this concept to include the backgrounds of other massless open or closed
string states we state the following bare action, denoted again here simply as S.
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S =
1
4piα′
∫
d2ξ
√
γ
{[
γabgµν(X) + i 
abBµν(X)
]
∂aX
µ∂bX
ν
+α′R(2)Φ(X) + 4piα′T (X)
}
, (5.48)
Within this the following vertex operators represent string states acting as coherent
fields (the tachyon vertex operator T (X) was defined in (5.46)).
gµν(X) = ηµν − 4pigc exp(ik.X)sµν , (5.49)
Bµν(X) = 4pigc exp(ik.X)aµν , (5.50)
Φ(X) = 4pigc exp(ik.X)φ. (5.51)
We should make several comments at this stage.
• It was noted in (5.45) that an additional term in the free string action is
allowed by the Poincare and diff invariance of the Polyakov action. This term
is described by the Euler number 1
4pi
∫
d2ξ
√
γ R(2) and a coupling constant
λ. A basic premise of string theory is that there are no predetermined
parameters which need to be set by hand. The coupling λ in curved spacetime
is thus promoted to a dynamical parameter, known as the dilaton, a scalar
field notated as Φ(X), which appears naturally in the spectrum of the
massless closed string and plays a key role in the couplings associated with
the background fields of the quantized string.
• In (5.48) there are two fields coupling to the derivative term ∂aXµ∂bXν . The
term γabgµν(X) is present in the classical action when the spacetime metric is
generalised to curved spacetime and this term represents the graviton string
state.
• The term containing i abBµν(X) is known as the Kalb-Ramond field and is an
antisymmetric tensor field (that is, antisymmetric in two spacetime indices
µ and ν). The fact that this term is complex arises from the Euclidean
continuation. It is analogous (in a tensor form) to the vector gauge field Aµ
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of QED which couples to the fermion fields in the Yukawa fashion, that is:
ieγµAµψψ.
• [78] notes that the quantised state at fixed momentum of the closed string
can be represented by an arbitrary matrix MIJ of size D− 2 (where D is the
spacetime dimension) multiplied by basis vectors representing the massless
string states. Such a matrix MIJ may further be generalised as the sum of
symmetric traceless part, a antisymmetric part and a scalar trace - giving rise
to the three background fields noted above - the graviton, the antisymmetric
tensor and the dilaton.
The action in (5.48) is the starting point for our treatment of string cosmology,
with the caveat that we do not consider the tachyon field in our study.
5.1.6 The Weyl Anomaly
Equation (5.28) states that the a condition of conformal invariance in the classical
bosonic string is a traceless stress energy tensor, T aa = 0. In our discussion of QCD
it was noted that when renormalised, scale invariance (the global version of Weyl
invariance, as shown by (3.11)) is broken resulting in an effective theory dependent
on energy scale. In standard model QFTs this is not a problem as one is concerned
with the infrared scale, and one may compute beta functions such as β(λ) = µ∂λ
∂µ
(where µ is energy scale and λ is the coupling) to monitor the variation with energy
scale of the theory’s parameters. However in the quantization of the bosonic string,
maintaining Weyl invariance is usually conducted so as to derive invariant target
space results. (A class of string theories (for the bosonic string) where the D = 26
condition, is by-passed are known as non-critical string theories). In the quantised
bosonic string, T aa = 0 vanishes only under certain conditions and these form the
basis of constraints for a critical, effective string theory actions. Classically, the
stress energy tensor is derived from the variation of the action with the metric,
(5.23). In the quantum field theory approach, the stress energy tensor is related
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to the infinitesimal variation of the partition function with the metric, [77]:
T abQ =
4pi√
γ
δ
δγab
Z(γ), (5.52)
where Z is computed as in (5.41). In the quantised theory, T aa must be computed
and may not vanish. [79] shows that in a quantised theory, one has for a free string:
T aa = cR
(2), (5.53)
where c is a constant proportional to the central conserved charges of the fields in Z
and R(2) is the Ricci scalar associated with the metric γab. In the free bosonic string
theory represented by (5.45) the central charge from the ghost fields arising from
the Faddeev-Popov methods to fix the gauge is −26. The charge arising from the
Xµ fields is simply D, the spacetime dimensionality. This leads to the commonly
quoted result that free critical bosonic strings require 26 spacetime dimensions to
display Weyl invariance. The string action (5.48) contains additional fields which
may break Weyl invariance. We quote without proof the result, [88]
T aa = β
i δ
δgi
< S > (5.54)
where S is the action in (5.45) and βi are the beta functions for each coupling i
describing the flow of the couplings with the Weyl rescaling parameter ω(σ). The
notation < (.....) > is defined by:
< (.....) >≡ 1Z
∫
[dXdγ] (.....) exp(−S[X, γ]), (5.55)
where Z is defined in eq. (5.41). Here gi is the set of couplings associated with the
background fields gµν ,Φ, Bµν in the action (5.48). As in the case of the free string,
Weyl invariance occurs when the βi expressions vanish. The beta functions are
perturbative expansions in the α′, the Regge slope and we quote here from [77]:
T aa = −
1
2α′
βgµνγ
ab < ∂aX
µ∂bX
ν > − i
2α′
βBµν
ab < ∂aX
µ∂bX
ν > −1
2
βΦR(2). (5.56)
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To zeroth order in α′, the beta functions are as follows,[88]:
βgµν = Rµν + 2∇µ∇νφ−
1
4
HµκλH
κλ
ν +O(α′)
βBµν = −
1
2
∇κHκµν + ∂κφHκµν +O(α′)
βφ =
D − 26
6α′
− 1
2
∇2φ+ ∂µφ∂µφ− 1
24
HµνρH
µνρ +O(α′) , (5.57)
where Rµν is the target space Ricci tensor. Hµκλ is the field strength of the
antisymmetric tensor such that Hµκλ = ∂µBκλ + ∂κBλµ + ∂λBµκ. From the form
of βφ it can now be seen that with background fields the space time dimension D
must no longer necessarily be 26 to preserve conformal invariance as terms of α′
or higher order could potentially be made to cancel the D−26
6
term. In addition,
the diff symmetry on the world sheet means that the beta functions are invariant
under the following transformation, which is a field rescaling: [96].
βi → βˆi = βi + δβi, (5.58)
where we defined δβi in some detail in (6.49). These modified βˆi functions are
known as the Weyl anomaly coefficients and are often used in place of the βi
functions.
In setting the β or βˆ functions to zero (conditions of conformal invariance) one is
effectively writing down equations of motion which set constraints on the field
variables, and from this one can determine an effective action in space time
expressed in terms of the dilaton field, Hµκλ and the spacetime Ricci tensor (all of
which are functions of Xµ), [96].
Seff = − 1
2κ20
∫
dDX
√
ge−2Φ
(
R + 4(∂µΦ∂
µΦ)− 1
12
HλµνH
λµν − 2(D − 26)
3α′
+O(α′)
)
,
(5.59)
where κ0 is the gravitational constant in D space time dimensions, and here R is
the spacetime Ricci tensor (note the target space Ricci tensor has been denoted by
R(2)). We note at this point the minus sign in front of the dilaton kinetic term in
this frame (know as the σ-model frame). The term ”frame” in this context refers
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to the spacetime metric configuration the action exists in. The positive sign is
restored for the dilaton kinetic term in the physically relevant Einstein frame, by
making an allowed transformation of the metric. A common practice is that the
spacetime metric gµν is transformed in a spacetime Weyl transformation such that:
gµν → gEµν = e−
4
D−2Φgµν . (5.60)
Under this transformation, the curvature scalar R in eq. (5.59) will have the
standard co-efficient (under general relativity) - i.e. 1
2κ20
. In the Einstein frame the
effective action is, [96]:
SEeff = −
1
2κ20
∫
dDX
√
gE[RE − 4
D − 2((∂µΦ∂
µΦ)− 1
12
e−
8
D−2ΦHλµνH
λµν
− e 4D−2Φ 2(D − 26)
3α′
+O(α′)]. (5.61)
In the Einstein frame the transformed parameters superscripted with an E. In this
frame, the spacetime curvature scalar is denoted RE and is canonically normalised
with the coefficient 1
2κ20
so as to be relevant to physical observations. Further, one
may see that with D = 4 the dilaton kinetic term changes sign and is now positive.
With this brief and largely qualitative introduction to string theory, we are now
ready to describe the basics of string cosmology.
5.2 String Cosmology
5.2.1 Introduction
The following is based on [90], [93], [95], [96] and sources where noted. The study of
the early universe is highly concerned with the study of the gravitational field and
its evolution. If one is to take string theory as representing the fundamental fabric
of our universe and uniting gravity with quantum field theory, it would appear
logical to take a bare action such as in (5.48) as a starting point in studying the
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evolution of fields and particles in the universe. Likewise, cosmological observations
are also one of the few feasible testing grounds for string theory, and currently show
more promise than earth-bound collider experiments in testing its predictions.
Conventional cosmology is based around the Λ-CDM model incorporating the big
bang, an inflationary scenario and cold dark matter/dark energy both of unknown
origin at present. Most string cosmology models seek to incorporate the dynamics
of the Λ-CDM model and shed light on some of the unexplained phenomena such
as dark energy. Moreover, the last twenty years has seen advances in string
theory and allow it to more easily make contact with real-world observations.
One such advance is moduli stabilisation, [93]. Conformal invariance dictates that
critical string models may need to live in more than four spacetime dimensions.
String models deploy gravitationally coupled scalar fields, known as moduli, to
compactify the additional dimensions to a level where they cannot be detected by
current observations. However, the moduli fields should also present cosmological
observables and moduli stabilisation is the term given to theories which counter the
effects of moduli to non-detectable levels. A further challenge of string cosmology
is in isolating its predictions compared to those feasibly arising from conventional
QFTs. Given the degenerate nature of string solutions one tactic, [93], is to limit
string cosmology theories to those which produce outcomes which could not arise
from conventional quantum field theories. One such area (which we will not discuss
in this thesis) are string-based topological defects, known as cosmic strings. Prior
to a description of our research, we will outline a variety of string cosmology
approaches.
5.2.2 String Cosmology Approaches
There are many string cosmology models which address a range of scenarios such
as inflation, the graceful exit and pre-Big Bang (see for example [90]). We do
not attempt a comprehensive review in this thesis but rather introduce an early
string cosmology model which can describe a static and also expanding universe
in four dimensions. In the previous section, we described the path taken from a
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bare worldsheet action such as the Polyakov action in (5.36) representing a free
string to an action representing the bosonic string in curved spacetime though to
the effective action in D spacetime dimensions useful for physical observations,
(5.61). The derivation and evaluation of such an effective action motivated by
early universe phenomena forms the basis of string cosmology. As the observed
universe is isotropic and homogeneous, one is generally interested in configurations
where the spatial co-ordinates are fixed with the time component varying. The
conformal invariance conditions (i.e. the terms in (5.57) vanishing) determine the
equations of motion for the background fields in target space. A common starting
point is the the bare action (5.48) with the background fields displaying variation
only in the time (X0) direction with µ, ν = 0, .....D − 1. We exclude for the time
being the tachyon field, (but make some comments on this in the next section).
Sσ =
1
4piα′
∫
M
d2σ
√
γ[(γabgµν(X
0) + iabBµν(X
0))∂aX
µ∂bX
ν + α′R(2)Φ(X0)].
(5.62)
Here we again note that R(2) is the worldsheet Ricci scalar, and it is noted that the
dilaton field Φ(X0) is one order of α′ higher than the gµν(X0) and Bµν(X0) fields.
We present without derivation and as an illustrative example one configuration
used in string cosmology, the so-called linear dilaton background which satisfies the
conformal invariance conditions and also demonstrates unitarity of the spectrum,
[96], [98].
gµν(X
0) = ηµν , Bµν(X
0) = 0,Φ(X0) = −2QX0, (5.63)
where Q is a constant. Q is often referred to as the central charge deficit, [97]
and it describes the evolution of the dilaton in X0. The stress energy tensor in
the notation of (5.40) where z is the complex worldsheet coordinate, in the linear
dilaton configuration of (5.63) is given by:
Tzz = −1
2
∂zX
µ∂zX
νgµν(X
0) +Q∂2zX
0. (5.64)
The Weyl anomaly (central charge) associated with this tensor is:
c = D − 12Q2 = 26. (5.65)
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Thus the spacetime dimensionality to satisfy vanishing Weyl anomalies is now also
dependent on Q (unlike the free string case where D = 26 was a condition to cancel
the Weyl anomaly) which represents the dilaton field strength. String cosmology
models where the spacetime dimensionality need not necessarily be D = 26 (for
the bosonic string) due to the presence of a non-zero Q value are often termed
non-critical string theories, [98]. In eq (5.65), it is noted, [98], that the spacetime
dimensionality D may be expressed as D = d + cI where d is the number of
large physically apparent dimensions and cI is the internal charge related to the
compactified dimensions; further, cI and 12Q
2 need not be integers. In the linear
dilaton background the line element is, [96]:
ds2E = e
4QX0
D−2 ηµνdX
µdXν , (5.66)
which may be expressed in the form of the Robertson-Walker metric, where t is
cosmic time:
ds2E = −(dt)2 + t2dX idXjδij, (5.67)
where the scale factor, a(t) = t.
t =
D − 2
2Q
exp
(
2Q
D − 2X
0
)
. (5.68)
Since ¨a(t) = d
2a(t)
dt2
= 0 this describes a non accelerating, flat universe in which the
dilaton field in terms of t is given by:
Φ(t) = (2−D) ln 2Qt
D − 2 . (5.69)
This model may be generalised to one incorporating a curved spacetime background
and a non zero value of Bµν(X
0). One can set the spacetime dimensionality in
terms of observable dimensions to four and assume that any remaining dimensions
as required by the constraint in (5.65) are compactified. The antisymmetric field
strength may be expressed in terms of a scalar field h(x) (sometimes termed the
pseudo-scalar axion field in this context, differing from the QCD-axion), [96]:
Hρµν = exp(2Φ)ρµνλ∂
λh. (5.70)
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The equations of motion associated with the Weyl anomaly in equations in (5.57)
are as follows:
Rµν =
1
2
∂µΦ∂νΦ +
1
2
(∂µ)
2 +
1
2
e2Φ[∂µh∂νh− gµν(∂h)2]
0 = ∇2h+ 2∂µh∂µΦ
δc = 12Q2 = −3e−Φ
[
−R +∇2Φ + 1
2
(∂Φ)2 − 1
2
e2Φ(∂h)2
]
. (5.71)
The effective action (termed here simply as Seff ) obtained when the (5.71) are
satisfied, in these conditions is:
Seff =
∫
d4X
√
gE
[
RE − 1
2
(∂µΦ)
2 − 1
2
e2Φ(∂h)2 − 1
3
eΦδc
]
, (5.72)
where this is in four non-compactified spacetime dimensions and where δc is defined
in the third line of eq (5.71). This admits as a solution the line element in polar
coordinates in the Einstein frame:
ds2E = −dt2 + a(t)2
(
dr2
1− κr2 + r
2(dθ2 + sin2θdφ)
)
, (5.73)
where a(t) is the scale factor and κ is a parameter describing spatial curvature.
Eq. (5.73) and the solutions to (5.71) can be expressed in terms of the Hubble
parameter H(t) = a˙(t)
a(t)
, which describes the evolution of the universe (equation
quoted here from [96]):(
H¨ + 6H˙H − 4κ
a(t)2
H
H˙ + 3H2 + 2κ
a(t)2
)2
= −4H˙ + 4κ
a(t)2
− (δc)
2h20
36a(t)6
· 1
(H˙ + 3H2 + ( 2κ
a(t)2
)2
. (5.74)
There are two types of solutions to this equation, both of which have κ as non-
negative and therefore describe closed de Sitter universes. One is the static Einstein
universe and the other is a linearly expanding universe, with a(t) = t, as in
the linear dilaton case. The above description of the linear dilaton non-critical
string cosmology model is illustrative of an early model of an expanding and
homogeneous universe in four dimensions. We note our model differs in that we
derive a logarithmic relationship between the dilaton and X0, which nonetheless
can describe an isotropic and linearly expanding universe by choice of our free
parameters as described in section (6.3.3).
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5.2.3 Other String Cosmology Approaches
5.2.3.1 Liouville String Theory
String theory is a two dimensional field theory where a parameter of the theory is
a length scale l as in (5.18). Theories which are independent of the length scale
are termed critical string theories and are Weyl or scale invariant, [77]. (Note: the
term ”non-critical” string theory is generally used in the context where D does
not have to be limited to 26, such as Liouville models described here where the
conformal invariance condition is relaxed. However we note that our model is not
limited to D = 26 but we demonstrate conformal invariance). When the theory is
dependent on length scale, the Polyakov classical Euclidean action becomes, with
comparison to (5.43), and where the length scale l ≡ µ:
SNC =
1
4piα′
∫
d2ξ(γ)
1
2
(
(γab∂aX
µ∂bXµ) + µ
)
. (5.75)
Diff invariance remains in the theory but now the metric γab(ξ) may now only have
two of its three degrees of freedom fixed, unlike in our gauge fixing exercise as in
(5.16) where the fiducial metric was fully defined. Now we have:
γab(ξ) = exp(2φ(ξ))γ̂ab(ξ), (5.76)
where φ(ξ) is the scale factor of the Weyl transformation of the worldsheet metric.
In quantizing the critical string, the gauge was fixed and the Faddeev-Popov
procedure applied to generate the action to be quantized in the path integral
approach as in (5.41). In applying this to (5.75) one has [77], section 9.9:
S =
1
4piα′
∫
d2ξ(γ)
1
2
(
(γab∂aX
µ∂bXµ) + µ exp(2φ) +
13α′
3
(γ̂ab∂aφ∂bφ+ R̂φ)
)
.
(5.77)
While details are beyond the scope of this thesis, the scale factor now has a kinetic
term and is promoted to a dynamical field in the worldsheet parameter, φ(ξ),
known as the Liouville field (not to be confused with the dilaton field also denoted
by φ in this thesis). In non-critical strings, this is kept as an extra degree of
freedom to be integrated over in path integral quantization. This idea was initially
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proposed in the late 1980s, [99], [100]. [77] notes that the target space physics of
(5.77) remains the same as compared to critical string theory where the metric
is fully fixed which can be intuitively seen by the fact that the gauge fixing of
(5.16) is arbitrary. Non-critical string models for free strings are not limited by
the D = 26 constraint and the quantized model allows for alternative means of
calculating string interaction amplitudes. In [101] it is proposed that the Liouville
field is a dynamical parameter which acts as a renormalisation group scale in the
quantized string theory flowing from an infrared fixed point to an ultraviolet one
which represents a critical string vacuum state. The field is further identified with
physical time. Liouville string cosmology using the non-perturbative quantum field
theory methods employed in this thesis has been researched and demonstrated in
[105].
5.2.3.2 Tachyon Cosmology
Here we comment briefly on the tachyon field T (X) referred to in eq. (5.48) and
the surrounding text. While the graviton, antisymmetric tensor and dilaton fields
represent massless modes in the lowest state of the most general quantized bosonic
string spectrum, the tachyon is also in the lowest state but is not massless. While
we do not derive the result here, [77] notes that its mass squared is proportional
to 2 − D, and thus in D > 2, is negative. In section (3.1.2) on instantons, it
was described how negative mass squared states in a two dimensional scalar field
theory (which is analogous to the tachyon in (5.48)) result in divergent fluctuations
around the minimum of the field. Many, if not most, string cosmology models rely
on string actions where the tachyon fields have been removed by adding constraints
on the closed string, [78] to avoid such instabilities. Tachyon-containing string
models with their instabilities controlled (by considering that T (X) = 0 is not
the true vacuum of the theory, [84]) have been deployed recently in early universe
evolution modeling. We utilise a closed bosonic string action and assume that it
has been derived so as the tachyon does not arise. In the cosmological discussion
of our results in section (6.2.1) we note that our configuration of the bosonic string
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without the tachyon cannot give rise to an inflationary scenario as our solutions
lead to a power law dependence of the scale factors with cosmic time t rather than
the exponential relationship a(t) ∼ exp(Ht) required for inflation. This arises
from the dilaton factor in the relationship between the string and Einstein metric
expressed in eq. (5.60) with which one cannot obtain an inflationary scenario
unless the value of the dilaton field is zero throughout. We note here that the
non-perturbative methods employed in this thesis and using a tachyon-containing
model is shown in [82]. In this, the authors demonstrate that a bosonic string
model incorporating graviton, dilaton, (φ), and tachyon, (T ), background fields
can be shown to be conformally invariant in four spacetime dimensions. Further
this is shown, with the cancellation condition 2φ + T = 0, to lead to an Einstein
frame action in the canonical form with no dilaton nor tachyon pre-factors and
hence leading to a scale factor of the form a(t) = a0 exp(Ht) where H is the
Hubble parameter. The authors note a merit of this model as being feasible in
four spacetime dimensions and thus not requiring complications associated with
compactifcation of additional dimensions during the inflationary phase. While this
thesis does not consider a supersymmetric extension of our model, it is noted that
tachyon modes would necessarily be eliminated in such a model and we do not
consider such modes in this thesis.
5.2.4 String Cosmology and Anisotropy
In this thesis we are interested in any fundamental spatial anisotropy, or preferred
direction, which may have originated in the evolution of the early universe as hinted
by our string model. Analysis of any such anisotropies are a key motivation behind
the study of the cosmic microwave background from the Wilkinson Microwave
Anisotropy Probe, WMAP, and other data sources. The main phenomenological
motivation of our string solution involves coupling it to an electromagnetic field
and considering the rotational effect on the electric field. The phenomenon known
as cosmic birefringence, [112], [115] refers to additional rotation in the plane
of polarisation by a electromagnetic wave traveling through the universe, after
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Faraday rotation (caused by galactic magnetic fields) has been accounted for. An
optical anisotropic or birefringent substance refers to one in which the refractive
index varies with spatial direction, [119]. In this context ”substance” refers to
the intergalactic distances over which electromagnetic radiation travels prior to
observation on earth. Such an affect will cause a phase difference or rotation η of
the electric field of the radiation along the optic axis. Such an effect is typically
studied by viewing extra-galactic radio waves emitted by pulsars or other distant
objects. This may be evidence of cosmological anisotropy on a vast scale, [113]
and the rotation θ of a polarised wave of wavelength λ is defined by:
θ(λ) = αλ2 + η, (5.78)
where the α term is the Faraday rotational effect and η is the wavelength-
independent cosmic birefringence effect of interest to this study. Polarised
synchrotron radiation was predicted and observed from distant extra-galactic
sources from the 1950s and datasets emerged, [113] with information on the
redshift, z and the angular orientation of the source-galaxy optic axis (which
sets the source polarisation angle, ψ). The fitting parameter α depends on the
density of electrons and magnetic field lines in the line of sight of the radiation.
[114] notes that studies to determine cosmic birefringence originating in large
scale anisotropy account for Faraday rotation on a galaxy by galaxy basis in
the line of sight of observation, and the residual angle η is deemed to be due
to cosmic birefringence. In [113] (1997) a systematic η angle effect is reported,
correlated with angular positions and source distances, with dependence on redshift
z ruling out local effects. More recent work, [117] (2009) notes that several studies
of the BOOMERanG 2003 flights data (which are devoted to measurement of
polorisation of the CMB radiation) may show cosmological birefringence effects
of η ∼ −4.3o ± 4.1o. Meanwhile [118] (2010) reports on further tests to look at
cosmic birefringence from eight radio galaxies at redshift z > 2, and reports no
η rotation within a limit of η ∼ −0.8o ± 2.2o. While experimental research into
cosmic birefringence remains ongoing, we consider theories which predict it with a
focus on string related theories.
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[118] notes that the potential for the universe on a large scale to rotate (other
than through Faraday rotation) the plane of polarisation of light could have a
number of possible origins: the presence of a pseudo scalar condensate, neutrino
number asymmetry and the violation of certain fundamental symmetries such as
CPT. [118] notes that the starting point for modeling cosmic birefringence due to
pseudo scalar effects is the interaction between the photon and a scalar field φ (not
the dilaton here).
L = −1
4
FµνF
µν − 1
2
∂µφ∂µφ− U(φ)− gφ
4
φFµνF˜
µν , (5.79)
with FµνF˜
µν defined in a similar manner to the axion interaction Lagrangian in
eq (3.57). (One notes the negative sign in front of the pseudo-scalar kinetic term
1
2
∂µφ∂µφ is a matter of convention deployed in this paper, and also by Peccei in [35].
We deploy the opposite convention in our treatment of the pseudo-scalar axion in
(4.2)). [118] notes that in the lowest order in fluctuations, the photon is coupled
to the time derivative of the scalar field φ and thus different configurations of η(τ),
where τ is conformal time, will lead to differing results for the cosmic birefringence
angle. The angle η is related to variation of φ(τ):
η(τ) =
gφ
2
[φ(τ0)− φ(τ)]. (5.80)
[112] and [115] consider the cosmic birefringence effects of the the antisymmetric
tensor field Bµν in low energy effective string theories. In [115], the field strength
of the antisymmetric tensor is coupled to an electromagnetic gauge field Aµ to
produce an ”auxiliary” field Tµνλ:
Tµνλ =
√
G∂[µBνλ] +
1
3
√
GA[µFνλ], (5.81)
where Fµν is the electromagnetic tensor and G is Newton’s constant. In this it is
assumed that Hµνλ = ∂[µBνλ] varies only with cosmic time, τ , and Hµνλ = εµνλ3∂
3h
where h is the string axion pseudo scalar field. With a flat spacetime cosmology
configuration with h = h′τ + h0 (where h′ and h0 are values of h at times τ
and τ = 0 respectively) the authors compute a cosmic birefringence angle η is
proportional to h′τ , that is the cosmic time that has elapsed between the values
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h′ and h0. In another scenario associated with large values of τ , [115] finds the
rotation for the radiation and matter dominated time periods goes as tan−1 1
τ
and
tan−1 1
τ3
respectively. In a follow up paper, [112] using similar methods but with
a heterotic string theory, similar results are noted for the flat spacetime case. Our
treatment of the bosonic string axion similarly couples to an electromagnetic field
and we likewise consider optical anisotropy effects.
Chapter 6
Non-perturbative String
Cosmology
6.1 Our Approach to the Bosonic String
6.1.1 Introduction
In our treatment of the quantization of the axion, we used an alternative approach
to the Wilsonian exact renormalisation group (ERG) as outlined in section (2.3.3)
and implemented in section (4.2). Our aim in this section of the thesis is to apply
these same techniques to a conformally invariant bosonic string model including
the string-axion, motivated by cosmology. As with our treatment of the the QCD
axion, the rationale for applying ERG-based methods resulting in non-perturbative
equations is that we are examining theories which approach the high energy limit
in terms of using perturbative techniques. We commence with a worldsheet action
based on (5.48), without tachyon fields. As with our treatment of the axion,
where the scale factor f was used to construct our final exact equation (4.14), in
the treatment of the bosonic string, we utilise λ which is a parameter of string
theory, (where λ ≡ 1
α′ in the full quantum theory, and α
′ is the Regge slope).
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We seek a λ-independent solution to an evolution equation of the effective bosonic
string action in four spacetime dimensions. We demonstrate that our resulting
configuration is conformally invariant by showing the beta functions can vanish to
all orders in α′. This contrasts with most conventional critical string cosmology
models which are generally limited to the beta functions vanishing at two loops or
less. We achieve this via a two step process. Firstly, we show the beta functions
of our solution are self-homogeneous to all orders in the time (X0) dimension.
Secondly, utilising established methods which state the beta functions may be
transformed, with the physics unaffected, by arbitrary linear transformations of
the spacetime coordinates of the string background fields, we show that they
can be made to vanish. It is stressed that both of these steps are required
for our demonstration of conformal invariance to all orders. We then look at a
particular area of cosmological implications. This involves the coupling of the field
strength Hρµν to an electromagnetic field, solving the resulting equations of motion,
and examining any resulting optical activity demonstrated by the configuration,
following work done in [115]. We initially fix one index of Hρµν (an anisotropic
configuration of the antisymmetric tensor) and then we consider the general case
with all indices free (isotropic). It is stressed at this point that the key result
of our research in this area is to demonstrate a technique for showing conformal
invariance to all orders in α′ for a bosonic string cosmology model. The predictive
powers of the model may be incomplete as the resulting metric does not support
an inflationary scenario. As a note on content, it is acknowledged that a large
portion of the derivations in this section were published in [106] and [107] both of
which built on earlier work by Alexandre and Mavromatos in [103] and [104].
6.1.2 The Effective String Action
We commence with the following bare action of the bosonic string in background
fields, based on (5.48), with λ ≡ 1
α′ , gµν = ηµν , Bµν = aµν and the dilaton field
varying in the time X0 dimension only (i.e. an isotropic and locally flat universe).
We consider in Euclidean format and hence the imaginary component of (5.48)
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reverts to real:
Sλ =
1
4pi
∫
d2ξ
√
γ
{
λ
[
γabηµν + 
abaµν
]
∂aX
µ∂bX
ν +R(2)Φ(X0)
}
. (6.1)
This is the bare theory. Here Xµ are the microscopic fields over which the path
integral in (6.2) is taken to compute the partition function. We consider flat
spacetime ηµν and hence we assume no dependence by the worldsheet metric γ
ab
on Xµ. We will use techniques outlined in section (2.1) to construct a quantised
effective theory and define the Legendre effective action Γ. We note that these
techniques may only be employed if the evolution parameter is multiplied by terms
quadratic in the field Xµ. We allow for X0 (i.e. time) dependence in all background
fields in an assumed form for the effective action later. First we define the partition
function, Z, and connected diagram generator, W , for our theory, using (2.1) and
associated results.
Z =
∫
D[Xµ] exp− (Sλ + SS) = exp(−W ), (6.2)
where we have added a source term SS which interacts with the fields X
µ (where,
comparing the notation deployed in section (2.1), Jν ≡ √γR(2)ηµνV µ).
SS =
1
4pi
∫
d2ξ
√
γR(2)ηµνV
µXν . (6.3)
Following from (2.3) the classical fields Xµcl are defined by:
Xµcl(ξ) =
1
Z
∫
D[Xµ]Xµ exp− (Sλ + SS) = δW
δJ(ξ)
=
1
√
γξR
(2)
ξ
δW
δVµ(ξ)
. (6.4)
Hence as in (2.5) taking the second functional derivative gives (where the notation
< ..... > is as used in (2.6), and ξ and ζ are worldsheet parameter variables of
integration):
1
√
γζγξR
(2)
ζ R
(2)
ξ
δ2W
δVµ(ζ)δVν(ξ)
= Xνcl(ξ)X
µ
cl(ζ)− < Xν(ξ)Xµ(ζ) > . (6.5)
As in (2.9) we then introduce the Legendre transform of W :
Γ = W −
∫
d2ξ
√
γR(2)V µXµ. (6.6)
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Using the result (2.12) we take the first derivative of Γ with respect to the classical
field, and then the second as in (2.13).
1
√
γξR
(2)
ξ
δΓ
δXµcl(ξ)
= −Vµ(ξ),
1
√
γξγζR
(2)
ξ R
(2)
ζ
δ2Γ
δXνcl(ζ)δX
µ
cl(ξ)
= −
(
δ2W
δVν(ζ)δVµ(ξ)
)−1
. (6.7)
We now deploy the methods described in section (2.3.3) to derive an exact equation
for the evolution of the effective action, Γ of our theory with the parameter λ. We
make several comments on this method first.
• As with the use of the parameter f in the treatment of the axion, we use
the parameter λ as a tool in setting up evolution equations for our effective
action, following which we can examine solutions with no variation of the
action with our chosen parameter, λ.
• Considering the bare action (6.1) the progression λ → ∞ corresponds to
α′ → 0 and thus approaches the classical limit of our theory where the
kinetic term dominates and dilaton mediated interactions are negligible.
• As λ → 1
α′ we approach the full quantum theory as the Φ(X
0) interactions
become important.
Where a dot signifies a derivative with respect to λ and noting the result W˙ = Γ˙
as derived in (2.52) we have an exact equation for the evolution of Γ.
Γ˙ =
1
4pi
∫
d2ξ
√
γ
(
γabηµν + ε
abaµν
)
< ∂aX
µ∂bX
ν >
=
1
4pi
Tr
[(
γabηµν + ε
abaµν
) ∂
∂ξa
∂
∂ζb
< Xµ(ξ)Xν(ζ) >
]
. (6.8)
In this we define the trace as:
Tr[..... ] =
∫
d2ξ d2ζ
√
γξγζ δ
2(ξ − ζ)[..... ]. (6.9)
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Using the results (6.4) and (6.7) we have an exact evolution equation.
Γ˙ =
1
4pi
∫
d2ξ
√
γ
(
γabηµν + ε
abaµν
)
∂aX
µ
cl∂bX
ν
cl
+
1
4pi
Tr
{(
γabηµν + ε
abaµν
) ∂
∂ξa
∂
∂ζb
(
δ2Γ
δXνcl(ζ)δX
µ
cl(ξ)
)−1}
. (6.10)
As with our ansatz for the assumed form of the Legendre action of the axion in (4.8)
we now also assume a form for the Legendre effective action of the bosonic string
so we may equate two separate, λ-dependent expressions for Γ. In the ansatz for
the bosonic string’s effective action we assume a form for the gravitational tensor
which allows for curvature but varies only in the X0 time dimension, with D the
total spacetime dimensionality, which we will later assume to be four as it becomes
a free parameter of the theory. In this we have an isotropic universe in terms of
curvature.
gµν = diag
(
κ(X0), τ1(X
0), .....τD−1(X0)
)
. (6.11)
We denote the antisymmetric tensor Bµν again varying only with the X
0 time
dimension. Using (6.11) the assumed form (as opposed to the exact expression
given in eq. (6.8)) for the effective action is as follows.
Γλ =
1
4pi
∫
d2ξ
√
γ
{
γabκ(X0)∂aX
0∂bX
0 + γab
D−1∑
i=1
τi(X
0)∂aX
i∂bX
i
+ εabBµν(X
0)∂aX
µ∂bX
ν +R(2)φ(X0)
}
, (6.12)
where κ, τi, φ are λ-dependent functions of X
0. We thus have established two
expressions for the Legendre effective action Γ for our theory in (6.12), an assumed
form, and in (6.10) an exact non-perturbative differential equation. We utilise
these, along with the constraints of conformal invariance expressed through (5.57)
to search for meaningful solutions.
6.1.3 Detailed Calculations
We wish to evaluate our exact evolution equation (6.10) by substituting on the
assumed form for Γ in eq. (6.12). We take a flat worldsheet metric (the fiducial
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gauge) γab = δab and configurations of the classical fields constant in spacetime,
Xµcl(ξ) = x
µ. For brevity we now drop the cl subscript denoting a classical field so
that Xµcl ≡ Xµ = xµ. The second functional derivatives of Γ in (6.10) are ( with
no summation on i) and ∆ is the worldsheet Laplacian operator.
δ2Γ
δX0(ζ)δX0(ξ)
|Xµ=0 = − κ
2pi
∆δ2(ξ − ζ) + R
(2)φ
′′
4pi
δ2(ξ − ζ),
δ2Γ
δX i(ζ)δX i(ξ)
|Xµ=0 = − τi
2pi
∆δ2(ξ − ζ)
δ2Γ
δX i(ζ)δXj(ξ)
|Xµ=0 = 0 i 6= j (6.13)
where a prime denotes a derivative with respect to x0. We are thus considering
a constant field configuration xµ where the off diagonal spacetime terms play no
role. As such, the antisymmetric tensor Bµν does not play a role in the evolution
equation for Γλ, as its contribution is proportional to:
εab∂a∂b δ
(2)(ξ − ζ) = 0. (6.14)
With regards to conversion to momentum space on the worldsheet, we note that
our closed string model is described by a spherical worldsheet with non zero
curvature which we neglect for the purposes of taking Fourier transforms required
for momentum space formulation using F (p) =
∫
d2ξe−ip.ξ F (ξ) (in eq (6.15) below
ζ, ξ become p, q). For the purposes of evaluating eqs. (6.13) we consider a small
but non zero R(2). In phase space on the worldsheet, (6.13) read as:
δ2Γ
δX0(p)δX0(q)
=
1
4pi
(
2κp2 +R(2)φ
′′
)
δ2(p+ q);
δ2Γ
δX i(p)δX i(q)
=
τi p
2
2pi
δ2(p+ q). (6.15)
The area of a sphere with curvature scalar R(2) is 8pi/R(2), so with the constant
configuration Xµ = xµ we have
Γ = 2φλ(x0), (6.16)
where the λ in φλ signifies a λ dependence. The term containing the trace in (6.10)
is computed as follows. The results are in phase space using the results in eqs.
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(6.15) and where [......] in eq. (6.17) represents
[
ηµν
∂
∂p
∂
∂q
(
δ2Γ
δXν(p)δXµ(q)
)−1]
.
1
4pi
Tr[......] = −
∫
d2p
(2pi)2
(
p2
2κp2 +R(2)φ′′
+
1
2
D−1∑
i=1
1
τi
)
8pi
R(2)
= − Λ
2
R(2)
(
1
κ
+
D−1∑
i=1
1
τi
)
+
φ
′′
2κ2
ln
(
1 +
2Λ2κ
R(2)φ′′
)
. (6.17)
To calculate this trace, we rely on the result:
δ2(p = 0) = world-sheet area =
8pi
R(2)
. (6.18)
We have used the definition of the trace as Tr[ ] =
∫
d2p d2q
√
γpγq δ
2(p − q)[ ].
In this, Λ is the worldsheet high energy cutoff used to regularise the theory. We
note here that Λ does not appear in any of our final results, nor do we attempt to
evaluate it. The evolution equation for Γ, expressed in effect as an evolution of φ
is finally obtained by putting together results (6.8), (6.16) and (6.17):
φ˙ = − Λ
2
2R(2)
(
1
κ
+
D−1∑
i=1
1
τi
)
+
φ
′′
4κ2
ln
(
1 +
2Λ2κ
R(2)φ′′
)
. (6.19)
We would like to find solutions independent of λ (i.e. where φ˙ = 0) and
configurations which preserve conformal invariance. A fixed point solution is
possible for κ = Fφ
′′
where F is a constant:
κφ˙ = − Λ
2
2R(2)
(
1 + κ
D−1∑
i=1
1
τi
)
+
1
4F
ln
(
1 +
2Λ2F
R(2)
)
, (6.20)
if the following condition is also satisfied:
κ
D−1∑
i=1
1
τi
= −1 + R
(2)
2Λ2F
ln
(
1 +
2Λ2F
R(2)
)
= constant. (6.21)
For large Λ, this constant is negative, representing a Minkowski signature in target
spacetime, a desired configuration. We have then the following conditions to
satisfy, in order to have an α
′
-independent solution:
κ(X0) ∝ φ′′(X0)
D−1∑
i=1
1
τi(X0)
∝ 1
κ(X0)
. (6.22)
We now test for and apply the further constraints of conformal invariance.
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6.1.4 Conformal Invariance
6.1.4.1 Introduction
We will base our demonstration of conformal invariance in the vanishing of the
beta functions in (5.57) for our theory. A key point of our derivation resulting
in (6.19) is that it originates from a non-perturbative expression. We thus want
to demonstrate conformal invariance to all orders in α′. This contrasts with the
common approach in string cosmology where the expressions in (5.57) are usually
considered to first or at most second order in α′. We will do this by demonstrating
first and second order α′ conformal invariance and by induction showing this, under
certain assumptions, can be applied to all orders.
To first order in α
′
, the beta functions (5.57) for the bosonic world-sheet σ-model
theory in graviton, antisymmetric tensor and dilaton backgrounds are, [88] and
[109]:
βg(1)µν = Rµν + 2∇µ∇νφ−
1
4
HµρσH
ρσ
ν
βB(1)µν = −
1
2
∇ρHρµν + ∂ρφHρµν
βφ(1) =
D − 26
6α′
− 1
2
∇2φ+ ∂ρφ∂ρφ− 1
24
HµνρH
µνρ (6.23)
We note that the terms in (6.23) are expressed in terms of Rµν and Hρµν rather
than the tensors gµν and Bµν . We now consider an ansatz for Hρµν .
Hρµν = ω0 · (X0)mερµνσ(X0)∂σh, (6.24)
where
h = h1X
1 + h2X
2 + h3X
3 =
(
3∑
i=1
hiX
i
)
. (6.25)
(Note: the dot in ω0 · (X0)m indicates multiplication of ω0 by (X0)m whereas
ερµνσ(X
0) indicates an (X0) dependence in ερµνσ). We consider the spacetime
metric as a function of the X0 coordinate:
gµν = diag(κ(X
0), τi(X
0), τj(X
0), τk(X
0)). (6.26)
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In (6.24), ερµνσ is the Levi-Civita tensor in four dimensions which has some X
0
dependence. In the linear sigma string cosmology model, [96], the linear function
h plays the role of the string-axion (also noted in (5.70)), (with ω(X0) ≡ exp(2Φ)).
We initially limit our choice of ω0 · (X0)mρµνσ∂σh such that:
h = h0X
3
ω0 · (X0)m = 1, (6.27)
where where h0 is a constant and thus the antisymmetric tensor field strength is
anisotropic as the X3 spatial direction is preferred. For this by definition (ε0123)
2 =
det(gµν(X
0)) and thus we have for the field strength:
H0ij =
√
κτiτjτk
hkijk
τk(X0)
. (6.28)
We have taken an anisotropic configuration of the antisymmetric tensor field
strength. The more general isotropic case with the full form of (6.24) will be
considered later in section (6.3).
6.1.4.2 Structure of the First Order Beta Functions
The first order beta functions we will use are noted in (6.23). We assume a X0
dependence for φ, κ and τi given our constraints on these parameters in (6.22),
where φ0 and κ0 are constants. Prime denotes derivative with respect to X
0.
φ
′
(X0) =
φ0
(X0)n
,
κ(X0) =
κ0
(X0)n+1
τi(X
0) =
−κ0
(X0)ni
. (6.29)
We now show that n = 1 to ensure the functions in (6.23) are homogeneous in
powers of X0 given the properties of the spacetime (i.e. the form of the geometric
parameters and operators Rµν , R, ∇µ etc). This is obviously essential to ensure
any meaning to the summations of the terms in the beta functions. For the
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spacetime metric gµν(X
0) = diag(κ(X0), τ1(X
0), ..., τD−1(X0)), the non-vanishing
components of the Christoffel symbols are (without summation over the space
index i)
Γi0i =
τ
′
i
2τi
, Γ000 =
κ
′
2κ
, Γ0ii = −
τ
′
i
2κ
, (6.30)
so that the non vanishing covariant derivatives of the dilaton are
∇0∇0φ = φ′′ − κ
′
2κ
φ
′
,
∇i∇iφ = τ
′
i
2κ
φ
′
. (6.31)
The non-vanishing components of the Ricci and Riemann tensors are
R i0i0 = −
(
τ
′
i
2τi
)′
+
κ
′
τ
′
i
4κτi
−
(
τ
′
i
2τi
)2
,
R jiji = −
τ
′
i τ
′
j
4κτj
R00 =
D−1∑
i=1
[
−
(
τ
′
i
2τi
)′
+
κ
′
τ
′
i
4κτi
−
(
τ
′
i
2τi
)2]
Rii = − τ
′
i
4κ
(
D−1∑
j 6=i
τ
′
j
τj
)
+
τi
κ
[
−
(
τ
′
i
2τi
)′
+
κ
′
τ
′
i
4κτi
−
(
τ
′
i
2τi
)2]
(6.32)
Together with the condition κ ∝ φ′′ , with power laws for the metric components,
R00 is homogeneous, in terms of powers of X
0, to ∇0∇0φ only if
φ(X0) = φ0 ln(X
0)
κ(X0) =
κ0
(X0)2
, (6.33)
and thus we have n = 1 in (6.29). Given (6.28) the non-vanishing components
of Hρµν are (such that ρ 6= µ 6= ν, and listing only one permutation here for
brevity):
H012 = ε0123∂
3h = −κ0h0(X0)(n3−n1−n2−2)/2. (6.34)
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From our condition h = h0X
3 we have singled out the X3 direction, thus by
symmetry n1 = n2 (although we leave these denoted as n1 and n2 for the time
being). We may now evaluate the first order in α′ beta functions in terms of n1,
n2, n3, the time dimension X
0 and constants h0, κ0 and φ0 with a view to finding
beta functions homogeneous in X0. The equations in (6.23) may be evaluated,
(without summation on the index i).
β
g(1)
00 =
−1
4(X0)2
[
2h20(X
0)n3 +
3∑
j=1
n2j
]
β
g(1)
ii =
ni
4(X0)ni
[
2h20(X
0)n3 + 4φ0 +
3∑
j=1
nj
]
−→ i = 1, 2
β
g(1)
33 =
n3
4(X0)n3
[
4φ0 +
3∑
j=1
nj
]
β
B(1)
12 =
h0
4
(X0)(n3−n1−n2)/2 [n3 − 4φ0]
βφ(1) = − 11
3α′
+
φ0
4κ0
[
4φ0 +
3∑
j=1
nj
]
− h
2
0
4κ0
(X0)n3 . (6.35)
In order for these beta functions to be homogeneous, it is necessary to have n3 = 0.
The second equation of (6.22) can then be satisfied with n1 = n2 = 2. The non-
vanishing components of Hρµν are:
H012 = − κ0h0
(X0)3
. (6.36)
Meanwhile the non-vanishing components of the antisymmetric tensor Bµν are
B12 = −B21 = − 2κ0h0
n3 − n1 − n2 (X
0)(n3−n1−n2)/2. (6.37)
Thus we have a configuration for the beta functions in which they are homogeneous
to first order in α′:
gµν(X
0) = diag
(
κ0
(X0)2
,
−κ0
(X0)2
,
−κ0
(X0)2
,−κ0
)
Bµν(X
0) = (δµ1δν2 − δµ2δν1) κ0h0
2(X0)2
φ(X0) = φ0 ln(X
0). (6.38)
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We note here that the components of the matrix gµν(X
0) are dimensionless, with
κ0 a constant and the time-variable X
0 rescaled so as to be dimensionless. We now
check homogeneity in the beta functions to the next order in α′.
6.1.4.3 Structure of the Second Order Beta Functions
The expressions in (6.23) may be extended to the next order in α′. The precise
expressions for the second order beta functions depend on the renormalisation
scheme employed, [109]. However, the X0 dependence will remain unaffected by
constants and/or signs in front of the terms. We consider a representative list
of possible terms (expressed by contractions of the Ricci or Riemann tensors, the
dilaton field and the antisymmetric tensor field strength). We rely on [109] for a
list of such terms in second order in α′. We note that while the list of second order
beta function terms is not the complete list from [109], we have taken all possible
combinations of the parameters Rµν , Hµνλ, Rµνσρ and φ and derivatives thereof,
within this list. Alternative contractions of the combinations of the parameters
simply involve the metric gµν or its inverse and do not change the power of X
0 for
that term. For example, a term of the form:
R0αβγR
αβγ
0 (6.39)
is of the order (X0)−2. However this simply a component of the tensor:
RµαβγR
αβγ
ν , (6.40)
and the square of this is:
RµαβγR
αβγ
ρ R
ρ
δλR
δλ
ν = RµαβγR
αβγ
ρ g
ρωRωδλR
δλ
ν , (6.41)
which is of order (X0)−2+2−2 = (X0)−2 as the inverse metric gρω is of order (X0)2.
Thus in taking higher powers of the terms one must contract the indices carefully
with the metric or its inverse in order to preserve covariance. We thus conclude
that all powers of the terms containing indices are of order (X0)−2. The terms
from [109] along with the powers of X0 they imply based on our solution (6.38)
are computed below.
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• for βg00 and βgii, i = 1, 2:
R0αβγR
αβγ
0 =
6
κ0
(X0)−2
RiαβγR
αβγ
i = −
6
κ0
(X0)−2
RαβρσH0αβH0ρσ = −4h
2
0
κ0
(X0)−2
RαβρσHiαβHiρσ =
2h20
κ0
(X0)−2
Hρσ0H
σαβHρβγH
γ
α0 =
2h40
κ0
(X0)−2
HρσiH
σαβHρβγH
γ
αi = −
4h40
κ0
(X0)−2
∇0Hαβγ∇0Hαβγ = 54h
2
0
κ0
(X0)−2
(6.42)
• for βB33: All the contributions vanish.
• for βB12:
R1γαβ∇γHαβ2 = −
6h0
κ0
(X0)−2
∇γHαβ1H α2ρ Hβγρ = −
3h30
κ0
(X0)−2
∇β (HαρσH ρσ1 )H αβ2 =
2h30
κ0
(X0)−2
HαρσH
ρσ
β ∇αHβ12 = −
6h30
κ0
(X0)−2
(6.43)
• for βφ:
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(
HαβγH
αβγ
)2
=
36h40
κ20
RλµνρR
λµνρ =
6
κ20
H µαβ H
αβν∇µ∇νφ = 2h
2
0φ0
κ20
RαβρσHαβλH
λ
ρσ = −
h20
κ20
H µαβ H
αβνHγδµH
γδ
ν =
20h40
κ20
∇λHαβγ∇λHαβγ = 54h
2
0
κ20
(6.44)
Thus to this order in α′ the beta functions are homogeneous within each beta
function, in powers of X0. We are thus are satisfied that we have shown
homogeneity of the beta functions in X0 to second order in α′. While we have
not done a similar exercise for third order or higher beta functions, we note we
have taken all possible combinations of the parameters Rµν , Hµνλ, Rµνσρ which
produce the correct tensor form of the beta function concerned. Higher powers
of these combinations will need to be contracted with the metric or its inverse
which will produce a similar dependence on X0. The leaves the scalar field φ and
the scalar curvature R as potentially producing terms with differing powers of X0.
[109] notes that the dilaton field only occurs in the beta functions as a derivative
(i.e. ∇νφ). R, which is constant for our configuration, does not appear in any of
the first or second order beta terms and we assume it is absent from higher order
terms. Thus, while we do not prove third order or higher terms are homogeneous
in X0 we work with this assumption.
6.1.4.4 Field Re-definition and Conformal Invariance
Thus the beta functions using our solution are homogeneous to first and second
order in α′. We extrapolate this based on the fact that to all orders, by design,
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beta functions are homogeneous in the spacetime indices. Given our consistent
configuration (6.38), we expect this to be true for all orders as we have shown that
all possible contractions of the spacetime indices in the beta functions produce
terms homogeneous in X0. We can write down a general power dependence for
the beta functions in terms of X0 in terms of powers of α′ and X0.
βg00 =
1
(X0)2
∞∑
n=0
ξn(α
′
)n =
E0
(X0)2
βg11 = β
g
22 =
1
(X0)2
∞∑
n=0
ζn(α
′
)n =
E1
(X0)2
βg33 =
∞∑
n=0
χn(α
′
)n = E2
βB12 =
1
(X0)2
∞∑
n=0
δn(α
′
)n =
E3
(X0)2
βφ =
1
α′
∞∑
n=0
ηn(α
′
)n = E4, (6.45)
where the coefficients ξn, ζn, χn, δn, ηn are independent of α
′
. The terms E0,1,2,3,4
are constants and it is seen that βφ and βg33 are independent of X
0. We need
now to make the step from the beta functions being homogeneous to all orders, to
conformal invariance. We do this using local field redefinitions. In (5.58) we noted
that the vanishing of the beta functions is not affected by a transformation which
consists of a re-definition of the beta functions.
βi → β˜i = βi + δβi, (6.46)
where δβi is defined as (g˜j−gj)∂βi
∂gj
−βj ∂
∂gj
(g˜i − gi) in eq. (6.49) as β˜i−βi. [96] notes
that this property is due to target space diff invariance, a symmetry essential in
general relativity, and denotes the transformed βˆi as the Weyl anomaly coefficients.
This point is developed explicitly for use with a graviton and dilaton background
in [104] with reference to work conducted related to second order beta functions in
[109]. In [106] this is extended to beta functions in the action under consideration
in this thesis, i.e. (6.12). In [106] it is noted that the target space physics in
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the one loop model (that is one order in α′) is unchanged under the following
transformations.
g˜µν = gµν + α
′
gµν
(
a1R + a2∂
ρφ∂ρφ+ a3∇2φ+ a4HρµνHρµν
)
B˜µν = Bµν + α
′
(b1∇ρHρµν + b2∂ρφHρµν)
φ˜ = φ+ α
′ (
c1R + c2∂
ρφ∂ρφ+ c3∇2φ+ c4HρµνHρµν
)
, (6.47)
where (a1, ..., b1, ..., c1, ...) are dimensionless, unspecified parameters. These
transformations do not change the X0 dependence of the fields in our configuration
given in eq. (6.38) as can be seen by computing the relationship between the initial
and transformed fields.
g˜µν = A1gµν
B˜µν = A2Bµν
φ˜ = φ+ A3, (6.48)
where A1, A2, A3 are constants. However as noted in [109], the transformations
(6.47) do change the beta functions as follows:
β˜i = βi + (g˜
j − gj)∂β
i
∂gj
− βj ∂
∂gj
(
g˜i − gi) . (6.49)
In the above (6.49) the factors gi represent the fields gµν , Bµν and φ in turn (with
βi the associated beta functions), and the j index notation represents integration
over X0. One may then fine tune the parameters (a1, ..., b1, ..., c1, ...) (which
are arbitrary) to make the transformed beta functions β˜i vanish. We note that
the terms β˜i remain homogeneous in X
0 and homogeneous to the original beta
functions βi as no operations raising or lowering powers of X
0 have been conducted
in (6.49). [106] notes that given the homogeneity of the beta functions to all
orders and the ability to arbitrarily rescale the fields, the following conditions are
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necessary to ensure vanishing of the β˜i functions to second order in α
′.
β˜g00 =
E˜0
(X0)2
= 0
β˜g11 = β˜
g
22 =
E˜1
(X0)2
= 0
β˜g33 = E˜2 = 0
β˜B12 =
E˜3
(X0)2
= 0
β˜φ = E˜4 = 0, (6.50)
where the constants E˜0,1,2,3,4 are linear functions of the parameters (a1, ..., b1, ..., c1, ...).
The equations (6.50) consist of five parameters E0,1,2,3,4 which are in turn linear
functions of the arbitrary constants ai, bi and ci in (6.47). There are ten such
constants and six linear equations and thus solutions may always be found. By
induction, [106] argues that this can be extended to all orders and thus we conclude
that our non-perturbative evolution equation (6.20) with the conditions (6.22) can
be shown to have non vanishing beta functions to all orders, therefore conformally
invariant and of interest in the string cosmology context.
6.2 Cosmology
We have demonstrated that there is a viable (conformally invariant) solution to
the non-perturbative effective action on the world-sheet. We can now utilise the
results in target space and suggest cosmological properties. We first consider what
kind of physical universe our solution represents and then couple it to a real-world
field, the electromagnetic field.
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6.2.1 The Dynamics of the Universe
In the comments surrounding eq. (5.61) it was noted that the Einstein frame
for a worldsheet effective action and ensuing results is a convenient one in terms
of describing the real world picture of the universe’s evolution. The generalised
expression for the Einstein frame line element is quoted in eq. (5.60). We have
in D = 4 using, our configuration (6.38) (with our scale factors ai ≡ a(t) now
generalised to allow variation with spatial direction):
gEµν(t)dx
µdxν = dt2 − a21(t)(dx1)2 − a22(t)(dx2)2 − a23(t)(dx3)2
= exp
{−2φ(x0)} gµν(x0)dxµdxν
= (x0)−2φ0κ0
[(
dx0
x0
)2
−
(
dx1
x0
)2
−
(
dx2
x0
)2
− (dx3)2
]
.(6.51)
Here, the xµ are the zero modes of Xµ (here the classical field, i.e. X0 = x0), and
ai(t) are the scale factors in the different space directions. In this, t is the Einstein
frame time dimension (or cosmic time). We have then
dt
dx0
=
√
κ0(x
0)−1−φ0 , (6.52)
such that
t =
√
κ0
|φ0| (x
0)−φ0 . (6.53)
(We note here we only consider the solution such that dt
dx0
> 0 as we require a
cosmic time which does not diminish). The scale factors are:
a1(t) = a2(t) = a0 t
1+1/φ0
a3(t) = a0 t (6.54)
where a0 is a constant. The linear sigma string cosmology model for which
Bµν = 0, (5.63) shows linear expansion in all spatial directions and a flat Minkowski
metric. Our model shows linear expansion in the direction for which we fixed the
antisymmetric tensor field strength in the X3 direction in eq. (6.27) with dilaton
(φ0) dependent expansion in the x1 and x2 directions for which Hρµν is not fixed.
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We also note than when φ0 = −1 and when Bµν = 0 we revert to this currently
observed isotropic, Minkowski universe, (5.63). We will couple this configuration
to an electromagnetic field in the next section. It was discussed in section (5.2.3.2)
that our configuration as above gives rise to a power law dependence by the scale
factors ai with cosmic time, in the Einstein frame. We noted that in the σ-model
frame as described by eq. (5.59) a de Sitter, inflationary universe is possible,
but the introduction of the exp(−2φ(x0)) factor in front of the metric in the
Einstein frame removes, following Big Bang, the possibility for an exponential
relationship representing inflation, i.e. a(t) ∼ exp(Ht) as our configuration for
φ involves a logarithm (φ(X0) = φ0 ln(X
0)). [96] notes the importance of a non
trivial dilaton field in accounting for inflationary and other expanding universes in
string cosmology, as seen in our configuration for the scale factors in eq. (6.54).
[96] also notes Pre Big Bang (PBB) models in which the singularity is replaced by
a dilaton-potential barrier such that before and after the dilaton becomes strongly
coupled. The weakly coupled stage prior to big bang has the solution (not derived
here), [96]:
φ = −(1− Σiai) ln(−t), Σia2i = 1, t < 0. (6.55)
Here ai are the scale factors, t is cosmic time, and φ is the dilaton field. We
note this is similar to our configuration of the dilaton field in eq. (6.38). [96]
qualitatively argues that at cosmic time t < 0 in this PBB scenario and after
crossing the dilaton-potential barrier, one expects an inflationary phase followed
by a graceful and ensuing normal expansion to modern times. While we will not
analyse the PBB scenario in detail, we note that our configuration may encompass
an inflationary phase within the context of PBB theory.
It is noted in passing that the treatment of the bosonic string in this thesis including
the tachyon is conducted in [82] and the configuration in this study allows for a de
Sitter universe with the condition 2φ+T = 0, where T is the tachyon field. We also
acknowledge that there is an issue of how to emerge from anisotropic expanding
universe described by the conditions (6.54) to a isotropic Minkowski model. While
we do not cover this point in detail, it is possible that a time dependence on h in
6.2 Cosmology 132
(6.27) could address this issue, i.e. the string axion field, which relaxes to zero in
cosmic time: h(t)→ 0.
6.2.2 Optical Anisotropy
We described recent research in section (5.2.4) which dealt with how the coupling
of a pseudo-scalar field such as the string axion to the photon may result in optical
anisotropy on a universal scale. We wish to test this with our configuration.
First we reformulate our field configurations in (6.38) by considering the φ0 = −1
solution such that the universe exhibits linear expansion in the X3 direction but
static in the other spatial directions. We rescale x0 → |φ0|√κ0 (x0) so that t = x0
where t is the Einstein frame cosmic time. We take α′ = λ = 1 and the solution
becomes:
gµν(t) = diag(1,−1,−1,−t2)
H012(t) = −κ0h0
t3
φ(t) = − ln t. (6.56)
Motivated by our desire to couple the string axion h to a photon represented by a
gauge field Aρ we introduce a modified field strength, (in a similar to manner to
that done in [115]). H˜ρµν :
H˜ρµν = Hρµν +
1
M
A[ρFµν], (6.57)
where M is a parameter with mass dimensions dependent on the string model and
Fµν the electromagnetic tensor. In this solution we assume the string lives in D = 4
spacetime dimensions and we refer again to our non-perturbative demonstration
of conformal invariance which does not limit the value of D. α′ is the only
dimensionful parameter in the bare string action and since it has units
√
l we
regard M ∝ √α′ and as the string mass scale. We could like to couple the photon
field strength Fµν to the string background fields defined by the solution in (6.56)
and hence identify any anisotropies in Fµν in the low energy effective action. We
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note that while our configuration in (6.56) is based on a non-perturbative effective
action equation, we are not able to formulate such a non-perturbative approach
for an effective action involving the background fields represented in (6.1). We
point out that our results have been designed to apply to a late (post inflationary)
era in the universe and we thus justify at this stage using a one loop model in
the Einstein frame, (zeroth order in α′), [88] and used in [107]. We note that this
action, quoted here without derivation, is a perturbative effective action. While our
model and configuration (6.38) is based on non-perturbative methods, we assume
this configuration to be valid for our purposes in weak field configurations, R, Hρµν
and Fµν .
Seff = −
∫
d4x
√
|g|
{
44
3α′
e2φ +R− 2∂µφ∂µφ− e
−4φ
12
H˜ρµνH˜
ρµν − e
−2φ
4
FµνF
µν
}
.
(6.58)
As discussed surrounding our eq. (5.61) from [96], there is a relative change of
sign between the curvature and dilaton kinetic term, when transforming from the
σ-model frame to the physical Einstein frame. Inserting our conditions (6.56) into
this and considering only the electromagnetic sector we have:
SEM =
∫
dtd~x
{
−t
2
4
FµνF
µν + tA[0F12]
}
, (6.59)
where  = κ0h0
M
. This part of the action as it is is valid only for a specific
gauge transformation Aµ → Aµ + ∂µψ as this transformation will also impact
the antisymmetric tensor Bµν which must transform as Bµν → Bµν − ψMFµν for
the action (6.58) to remain invariant. The term tA[0F12] arises in order to make
the action (6.59) invariant under the transformation of Bµν . The factor t
2 in front
of FµνF
µν arises from our configuration φ(t) = − ln t. We consider this effective
action in terms of the equations of motion of the electromagnetic field, that is:
∂ν
(
∂L
∂(∂νAµ
)
− ∂L
∂Aµ
= 0, (6.60)
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where L = − t2
4
FµνF
µν + tA[0F12].
∇ · B˜ = 0 (6.61)
∇ · E = 2
t
B3
∇× E˜ = −∂tB˜
(∇×B)1 = ∂tE1 +
3
t
E1 − 2
t
E2 +
2
t2
A2,
(∇×B)2 = ∂tE2 +
3
t
E2 +
2
t
E1 − 2
t2
A1,
(∇×B)3 = ∂tE3 +
5
t
E3
where we define
E = (E1, E2, E3), B = (B1, B2, B3)
E˜ = (E1, E2, t
2E3), B˜ = (t
2B1, t
2B2, B3). (6.62)
Here Ei, Bj are the components of the electric and magnetic fields in the
”conventional” electromagnetic Lagrangian L = −1
4
FµνF
µν . We note the presence
of the gauge fields A1 and A2 in (6.61) is a result of the term tA[0F12] in the action
(6.59). We notice from (6.61) that the the X3 direction is anisotropic, as expected
from our choice of pseudo-scalar axion h = h0X
3. We hence look at the time (t)
varying (represented by the overdot) propagation of an electromagnetic wave in
the X3 direction arising from (6.61).
E¨ +
3
t
E˙ +
2
t
E˙⊥ = 0, (6.63)
where we have truncated to include only powers of 1/t, justified by the relatively
large cosmological time scales we are concerned with. Here E = (E1, E2, 0) and
E⊥ = (−E2, E1, 0). This has a solution, by inspection, of
E =
Kf(x3)
t2
exp (−2i ln t) , (6.64)
where K is a constant complex number and (x1, x2) are in the complex plane. f(x3)
is an arbitrary function of the x3 spatial coordinate. From the ∇×B expressions
in (6.61) we also have:
∇×B = Kf(x
3)
t3
exp (−2i ln t) , (6.65)
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We take B and E as representing an electromagnetic wave lying in the (x1, x2)
plane and propagating in the x3 optic axis. If we take f(x
3) = cos(x3) we have
solutions for the B and E fields:
E = K exp (−2i ln t) cos(x
3)
t2
B = iK exp (−2i ln t) sin(x
3)
t3
. (6.66)
Using this we obtain for the term − e−2φ
4
FµνF
µν in the effective action:
− e
−2φ
4
FµνF
µν = −t
2
2
(
|E · E˜|+ |B · B˜|
)
= −K
2
2t2
. (6.67)
In arguments that will not be detailed here, [107], it is conjectured that the
configuration (6.56) coupled to the gauge field Aµ is conformally invariant. This is
done by applying again the argument of homogeneity combined with the potential
to redefine the fields to achieve the vanishing of the beta functions. As seen from
eqs. (6.83), the effect of the dilaton (i.e. the factor e−2φ ≡ t−2 in front of FµνF µν)
is to damp the amplitude of the electric field:
|E| = |K|
t2
. (6.68)
Another aspect of eqs. (6.66) of interest is the change in polarisation which is
generated by the term 2
t
E˙⊥ in the equation of motion of the electric field where
the direction of the electric field (in the x1, x2 plane) rotates with the angle:
∆(t) = | arg(E)− arg(E)∗| = 4 ln t = 4κ0h0
M
ln t. (6.69)
This contrasts with the relationship postulated by [118] in (5.80) which shows a
simple proportionality between the change in polarisation and cosmic time (in this
source denoted by η and τ respectively).
At this stage we make a comment on the term 44
3α′ e
2φ present in our effective
spacetime action in the Einstein frame, eq. (6.58) which derives from the
D = 4 case in the general expression in (5.61). We note this implies a negative
cosmological constant relative to the Einstein curvature term. We do not explore
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a solution for this and note that the phenomenological value of our model may
be limited if this negative term cannot be compensated for by other terms in the
effective action.
6.3 Generalisation of the Antisymmetric Tensor
6.3.1 Introduction
In the last section we chose an anisotropic configuration of the antisymmetric tensor
field strength, Hρµν , using constraints (6.27). We now return to the generalised
form of (6.24):
Hρµν = ω0 · (X0)mερµνσ(X0)∂σh, (6.70)
Previously we found that R00 is homogeneous to ∇0∇0φ only if
φ(X0) = φ0 ln(X
0)
κ(X0) =
κ0
(X0)2
, (6.71)
and thus a requirement for homogeneous beta functions βg00 and β
φ as denoted in
(6.23). As in (6.29) we assume a form for the components of the metric τi(X
0).
τi(X
0) =
−κ0
(X0)ni
. (6.72)
We now set up a more general ansatz for Hρµν , using similar notation as in (6.28).
H0ij = −κ0hk(X0)(m−1+(ni+nj+nk)/2)ijk. (6.73)
where we have taken ω0 · (X0)m = (X0)m. We again consider the conformal
invariance of this configuration.
6.3.2 Conformal Invariance
As in the previous section, we subject our configuration and model to the two-
step test of conformal invariance. First we ensure that the configuration can be
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homogeneous to all orders in α′ in the beta functions in the variable X0. Then
we redefine the fields as before to make the beta functions vanish. We consider
the first order beta functions. We use the configuration of H0ij in (6.73) in the
beta functions in (6.23), (without summation on the index i, where i, j, k all run
between 1 to 3).
β
g(1)
00 =
−1
4(X0)2
3∑
i=1
n2i −
1
2
ω20
3∑
i=1
h2i (X
0)2m+ni−2
β
g(1)
ii =
ni
4(X0)ni
[
4φ0 +
3∑
i=1
ni
]
+
1
2
ω20
3∑
j=1
h2j(X
0)2m+nj−ni
β
g(1)
ij = −βg(1)ji = −
ω20(hihj)(X
0)2m
2
−→ i 6= j = 1, 2, 3
β
B(1)
ij = −βB(1)ji = ω0hk(X0)−(
ni
2
+
nj
2
−nk
2
−m)
[ni
4
+
nj
4
− nk
4
− m
2
+ φ0
]
βφ(1) = − 11
3α′
+
φ0
4κ0
[
4φ0 +
3∑
i=1
ni
]
−
3∑
i=1
h2iω
2
0
4κ0
(X0)2m+ni (6.74)
For these to be homogeneous, the constraint must apply: 2m + ni = 0 for those
i which hi 6= 0. We are interested in looking at the most general, isotropic
configuration so we take n1 = n2 = n3 by symmetry, but for the time being
leave the notation separate as ni,j,k. We now look at representative terms of
the next order beta functions (again quoted from [109]) for homogeneity (here
i 6= j 6= k = 1, 2, 3).
• for βg00:
R0αβγR
αβγ
0 =
1
16κ0
(X0)−2
3∑
i=1
n4i
RαβρσH0αβH0ρσ = − 1
4κ0
3∑
i,j,k=1
h2kninj(X
0)2m−2+nk
Hρσ0H
σαβHρβγH
γ
α0 =
2
κ0
(X0)4m−2
3∑
i,j,k=1
h2i (X
0)ni
3∑
l=1
h2l (X
0)nl
∇0Hαβγ∇0Hαβγ = 1
2κ0
3∑
i,j,k=1
h2k (ni + nj − nk − 2m)2 (X0)2m+nk−2
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• for βgii (no summation on i):
RiαβγR
αβγ
i = −
1
8κ0
(X0)−nin2i
3∑
k=1
n2k
• for βgij, with i 6= j:
RαβρσHiαβHjρσ =
n2k
2κ0
hihj(X
0)2m
HρσiH
σαβHρβγH
γ
αj = −
8
κ0
(X0)4mhihj
3∑
l=1
h2l (X
0)nl
• for βBij , with i 6= j 6= k:
Riγαβ∇γHαβj = −
n2ihk
8κ0
(ni + nj − nk − 2m)(X0)−(ni+nj−nk−2m)/2
∇γHαβiH αjρ Hβγρ =
1
2κ0
(ni + nj − nk − 2m)
[
h3k(X
0)(−ni−nj+3nk+6m)/2
+hkh
2
i (X
0)(ni−nj+nk+6m)/2
]
+
1
2
(ni − nj + nk − 2m)hkh2j(X0)(−ni+nj+nk+6m)/2
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• for βφ:
(
HαβγH
αβγ
)2
=
36
κ20
3∑
i=1
h4i (X
0)4m+2ni
RλµνρR
λµνρ =
1
16κ20
3∑
i,j=1
n2i (2n
2
i + n
2
j)
H µαβ H
αβν∇µ∇νφ = φ0
κ20
[
3∑
i,j=1
nih
2
j(X
0)2m+nj
]
RαβρσHαβλH
λ
ρσ = −
1
2κ20
[
3∑
i,j,k=1
ni(ni + nj)h
2
k(X
0)2m+nk
]
H µαβ H
αβνHγδµH
γδ
ν =
4
κ20
(X0)4m
[
3∑
i,j=1
h2ih
2
j(X
0)ni+nj
+
3, i 6=j∑
i,j=1
h2i [3h
2
i (X
0)2ni + 4h2j(X
0)ni+nj ]
]
∇λHαβγ∇λHαβγ = 3
2κ20
3∑
i,j,k=1
h2k (ni + nj − nk − 2m)2 (X0)2m+nk
In terms of homogeneity in X0 the above do not provide any new constraints
compared with those in the first order in (6.74). We thus assume, as with
the anti-symmetric tensor-anisotropic case presented in section (6.1.4) that our
configuration is homogeneous to all orders and as in the anisotropic case, we
may rescale the fields to make the beta functions vanish and hence demonstrate
conformal invariance to all orders in α′. We utilise similar methods and arguments
to section (6.1.4.3) in assuming conformal invariance to all orders following
examination of the second order terms.
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6.3.3 Cosmology Discussion
As in the eq. (6.51) the spacetime metric in the Einstein frame gEµν is related to
our metric gµν :
ds2 = gEµν(t)dx
µdxν = dt2 − a21(t)(dx1)2 − a22(t)(dx2)2 − a23(t)(dx3)2
= exp
{−2φ(x0)} gµν(x0)dxµdxν . (6.75)
We consider the representative case where h1 = h2 = 0 and h3 = h 6= 0. For
brevity we denote n1 = n2 = n and n3 = −2m. Using our configuration in eq.
(6.71) we have:
dt2 −
3∑
i=1
a2i (t)(dx
i)2 = (x0)−2φ0κ0
[(
dx0
x0
)2
−
3∑
i=1
(dxi)2
(x0)ni
]
, (6.76)
and as in (6.53) we have:
t =
√
κ0
|φ0| (x
0)−φ0 . (6.77)
This configuration (analogous to (6.38)) is in the string frame:
gµν(X
0) = κ0 diag((X
0)−2,−(X0)−n,−(X0)−n,−(X0)2m)
H012(X
0) = −κ0h(X0)−1−n
φ(X0) = φ0 ln(X
0). (6.78)
From eqs.(6.76) and (6.77), the scale factors in the Einstein frame read then
a1(t) = a2(t) = a0 t
1+n/(2φ0)
a3(t) = a˜0 t
1−m/φ0 (6.79)
where a0, a˜0 are constants, and the corresponding target space is a power-law
expanding Universe. For H012 we have set h1 = h2 = 0, h3 = h 6= 0 and take n1 =
n2 = n, but note that similar configurations (which by symmetry will be physically
identical) exist for H013 and H023. We now note that the (6.91) scale factors no
longer necessarily represent a linearly expanding universe, when φ0 = −1, as did
the scale factors in (6.54). In that case, the specific m = 0 condition was imposed.
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Here we consider the more general isotropic configuration of Hρµν with dependence
on n, m and φ0. We again couple to the electromagnetic field, and focus on, for
(6.88) a configuration leading to a Minkowski geometry, i.e. m = −1, φ0 = −1
and n = 0. We note that since n3 does not appear in the physical configurations
below, the constraint 2m + ni = 0 (for those i which hi 6= 0) does not impact the
result and m becomes somewhat arbitrary.
gEµν = ηµν
H012(t) = = H013 = H023 = −κ0h
t3
φ(t) = − ln t. (6.80)
We now couple the configuration (6.80) to the photon field via the effective action
in (6.58) and the gauge field action in (6.59), and the following modified Maxwell’s
equations are arrived at.
~∇ · ~B = 0 (6.81)
~∇ · ~E = 2
t
B3
~∇× ~E = −∂t ~B
~∇× ~B = ∂t ~E + 2
t
~E +

t
~E⊥−,
where ~E⊥ = (−E2, E1, 0) and ~A⊥ = (−A2, A1, 0) and as in eqs. (6.61) we
have ignored terms of order 1/t2 or higher. As previously, motivated by cosmic
birefringence, we consider a plane wave in the (x1, x2) plane moving in the x3
direction. Using the complex notation E = E1 + iE2, we obtain the following
equation of motion
E¨− E′′ + 2 + i
t
E˙ = 0, (6.82)
where overdot is t derivative and prime is spatial derivative. By inspection, E =
E0t
a cos(t−x3), (where E0 and a are complex constants), satisfies equation (6.82)
for a = −1− iε/2, neglecting terms of 1/t2 or higher. The solution is then:
E =
E0
t
exp
(
−i 
2
ln t
)
cos(t− x3). (6.83)
As in our previous solution, the dilaton provides for a damping effect (the 1/t term
in (6.82) while the antisymmetric tensor, via the field strength, provides a varying
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polarisation of the electric field in the (x1, x2) plane, in a similar manner to the
result (6.69) we have for the isotropic Hρµν case:
∆(t) = |arg(E)− arg(E?)| = κ0h
M
ln t, (6.84)
where t can be seen as the time interval between emission and observation of the
electromagnetic waves, which we note provides the same optical anisotropy effect
as in the case where the field strength tensor was not generalised as in (6.69).
6.4 Summary and Discussion
The primary result of this section of the thesis is to derive a non-perturbative
formulation for the effective action of the bosonic string, on the worldsheet. We
then showed that a viable solution of this was conformally invariant, again, non-
perturbatively, and therefore suitable for consideration in string cosmology. To
achieve this we commenced with a bare string action on the worldsheet with
background fields ηµν , aµν and Φ(X
0) representing the graviton, antisymmetric
tensor and dilaton fields respectively. Here λ is a varying parameter which equals
1/α′ in the full quantum theory of (6.85), where α′ is the Regge slope.
Sλ =
1
4pi
∫
d2ξ
√
γ
{
λ
[
γabηµν + 
abaµν
]
∂aX
µ∂bX
ν +R(2)Φ(X0)
}
. (6.85)
We then applied techniques with roots in the exact renormalisation group (ERG)
methods, outlined in section (2.3.3) of this thesis, to derive a form for the Legendre
effective action associated with (2.3.3):
Γ˙ =
1
4pi
∫
d2ξ
√
γ
(
γabηµν + ε
abaµν
)
∂aX
µ
cl∂bX
ν
cl
+
1
4pi
Tr
{(
γabηµν + ε
abaµν
) ∂
∂ξa
∂
∂ζb
(
δ2Γ
δXνcl(ζ)δX
µ
cl(ξ)
)−1}
. (6.86)
Here the overdot on Γ indicates a derivative with respect to λ, which we use
in an analogous manner to which the high energy cutoff is used in the exact
renormalisation group evolution equations such as that derived in Appendix (8.1)
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We then derive fixed point or Γ˙ = 0 solutions. We then plug into (6.86) an assumed
form for the effective action Γ in which the three background fields vary only with
the X0 component of spacetime and for which the spacetime metric is given by:
gµν = diag (κ(X
0), τ1(X
0), .....τD−1(X0)), where D is the spacetime dimensionality.
At this point we note that the method employed thus far is designed to show
that a conformally invariant configuration is possible for our non-perturbative
expression (6.86). We acknowledge that the configuration in (6.87) is intended as
a demonstrative solution only and for the reasons below, its applications in string
cosmology may be limited. Given this, we find an acceptable solution to (6.86) is
given by the following constraints where prime denotes a derivative with respect
to X0. Here φ0 and κ0 are constants and n, ni are parameters to be determined.
φ
′
(X0) =
φ0
(X0)n
,
κ(X0) =
κ0
(X0)n+1
τi(X
0) =
−κ0
(X0)ni
. (6.87)
We then set out to show through our assumptions that the configuration (6.87)
is conformally invariant by showing the beta functions representing our effective
action vanish to all orders in α′. The beta functions are given in (6.23). We do
this by first showing that the beta functions with (6.87) are homogeneous in X0
to first order in α′. We then show the same for selected terms from a complete list
of the second order beta functions which make up all possible combinations of the
field parameters. Using arguments outlined in section (6.1.4.3) we deduce, but do
not comprehensively prove, homogeneity in X0 to be true to all orders in α′. We
find that such conformally invariant configuration of (6.87) is given by:
gµν(X
0) = diag
(
κ0
(X0)2
,
−κ0
(X0)2
,
−κ0
(X0)2
,−κ0
)
Bµν(X
0) = (δµ1δν2 − δµ2δν1) κ0h0
2(X0)2
φ(X0) = φ0 ln(X
0). (6.88)
In this we have assumed a form for the antisymmetric field strength such that
H012 = − κ0h0(X0)3 and thereby limiting this parameter to one particular spacetime
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configuration (hence anisotropic for the time being). We then make use of a
property of the beta functions under which the following transformation leaves
the underlying physics invariant, including the fact that they may be found to
vanish.
g˜µν = gµν + α
′
gµν
(
a1R + a2∂
ρφ∂ρφ+ a3∇2φ+ a4HρµνHρµν
)
B˜µν = Bµν + α
′
(b1∇ρHρµν + b2∂ρφHρµν)
φ˜ = φ+ α
′ (
c1R + c2∂
ρφ∂ρφ+ c3∇2φ+ c4HρµνHρµν
)
, (6.89)
where (a1, ..., b1, ..., c1, ...) are dimensionless, arbitrary parameters. Thus we can
choose these parameters in such as way that the beta functions in (6.89) vanish
and hence we have shown conformal invariance to all orders in α′. This proof
relies on the fact that we have also shown them to be self homogeneous (and
therefore the sums of terms within each beta function may cancel) in X0 for our
non-perturbative solution to (6.87).
In terms of cosmology in the Einstein frame, (6.88) represents a metric:
gEµν(t)dx
µdxν = dt2 − a21(t)(dx1)2 − a22(t)(dx2)2 − a23(t)(dx3)2, (6.90)
where
a1(t) = a2(t) = a0 t
1+1/φ0
a3(t) = a0 t (6.91)
The solution shows linear expansion in the direction for which we fixed the
antisymmetric tensor field strength in the X3 direction in eq. (6.27) with dilaton
(φ0) dependent expansion in the x1 and x2 directions for which Hρµν is not fixed.
When φ0 = −1 and when Bµν = 0 we revert to the currently observed isotropic,
Minkowski universe. Firstly, we acknowledge that our model does not take into
account (nor allow for) an inflationary scenario (i.e. a(t) ∼ exp(Ht)) and that our
results are concerned with post inflationary phenomena. We do however note that
our configuration can allow for inflation in Pre Big Bang theories. Secondly, we
acknowledge that there is an issue of how to emerge from anisotropic expanding
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universe described by the conditions (6.54) to a isotropic Minkowski model. While
we do not cover this point in detail, it is possible that a time dependence on h in
(6.27) could address this issue, i.e. the string axion field, which relaxes to zero in
cosmic time: h(t)→ 0.
We then reformulate (6.88) to read in the Einstein frame:
gµν(t) = diag(1,−1,−1,−t2)
H012(t) = −κ0h0
t3
φ(t) = − ln t. (6.92)
Motivated by optical anisotropy, we insert this configuration (6.92)into a one loop
effective action in target space where the antisymmetric tensor has been coupled
to the electromagnetism via a modified field strength such that H˜ρµν = Hρµν +
1
M
A[ρFµν] where M is the string mass scale and Fµν is the electromagnetic tensor.
This results in modified Maxwell’s equations which admit as a solution:
E = K exp (−2i ln t) cos(x
3)
t2
B = iK exp (−2i ln t) sin(x
3)
t3
. (6.93)
Here E and B represent an electromagnetic wave lying in the (x1, x2) plane and
propagating in the x3 optic axis whose angle of polarisation changes with cosmic
time t.
∆(t) = | arg(E)− arg(E)∗| = 4 ln t = 4κ0h0
M
ln t. (6.94)
We then generalise the configuration for Hρµν from H012 = − κ0h0(X0)3 to:
Hρµν = (X
0)mερµνσ(X
0)∂σh, (6.95)
and repeat the process of demonstrating conformal invariance, devising the
Einstein metric and coupling to the electromagnetic field in a spacetime effective
action. The result is a similarly logarithmic dependence by the polarisation on
cosmic time as in (6.94). This phenomena is also known as cosmic birefringence as
described in section (5.2.4) and efforts are underway to examine evidence for this in
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the cosmic microwave background and from studies of radiation from distant extra-
galactic objects which emit polarised radiation, [113], [114], [117]. Theoretical
treatments similar to that conducted in this thesis result in a cosmic time
dependence by the polarisation proportional to h′τ , [115] and tan−1 1
τ
and tan−1 1
τ3
with the variation due to the configuration of the Einstein metric considered.
The logarithmic dependence of our solution arises as a result of the power law
constraints we established in (6.87), which in turn were motivated by the need to
prove conformal invariance in a non-perturbative manner.
Chapter 7
Conclusion
7.1 Full Quantization of the Axion
In section (4.4) we described how the spinodal instability in the QCD axion’s
potential flattened it when interactions are not considered. We derived a non-
perturbative expression for the evolution of the effective potential with the scale
factor f as in (4.15) and found a flat-potential solution consistent with the well
known property of convexity outlined in eq. (2.59). We then assigned a boundary
condition to this expression such that the potential when f = Λ is some value UΛ
leading to:
Ueff (f) =
Λ4
32pi2
ln
(
f
Λ
)
+ UΛ. (7.1)
Physically, at energy level Λ, which represents the upper limit cutoff of our theory,
we consider that the evolution of the axion field is in its earliest describable form.
In this sense, for very small θ (the dynamical axion parameter), the commonly used
cosine form of the axion potential (3.62) may be equated to a double well scalar
potential as in (4.18). We consider that such a double well potential represents
the origin of the spontaneously broken U(1)PQ symmetry responsible for the axion
field’s development. We consider that our result (7.1) describes the system on the
verge of spontaneous symmetry breaking. At this point the axion has yet to evolve
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fully and the effects of the spinodal instability serve to flatten the potential, prior
to any interactions. We consider that the term UΛ in (7.1) is a one loop correction
to this. We identify it with the one loop correction to the quantized form of (4.19)
at µ = 0, which we compute using an established result quoted in [2]. For Λ = f ,
the result which can be expressed in terms of the axion mass ma and the ratio of
m4
f4
where m is an arbitrary mass scale less than Λ, and f is the scale factor which
we here set equal to Λ.
Ueff,f=Λ ∼ 4× 10−2 m
4
f 4
m4a, (7.2)
where m
4
f4
is a ratio less than one. We interpret this as an energy density associated
with the axion at the earliest phase in its development, prior to significant
interactions, and influenced by spinodal instability effects. (At later stages the
axion acquires mass and resolves the CP problem as well as providing a candidate
for cold dark matter). With the caveat that the ratio m
4
f4
is not determined by
our theory and using 10−4eV < ma < 10−1eV , [26] it could be that the result in
eq. (7.2) it is not orders of magnitude away from required values for dark energy
(UDE ∼ (10−3eV )4, [11]).
We acknowledge the limitations in this result and treatment as follows. Firstly,
our model and assumption of the flattening of the potential does not take into
account interactions of the axion scalar field with other particles, in particular
with gravity. Section (4.4.0.3) shows how interactions will impact this flattening.
Secondly, our result contains indeterminate energy scales (e.g. m
4
f4
) which lessen
the usefulness in phenomenological comparisons. Further work in this area would
involve an extension of section (4.4.0.3) to devise and quantize a more realistic
model of the axion scalar field in the early universe including coupling to gravity,
including perhaps, spacetime curvature which may be relevant at the energies and
epochs we are considering. This could then lead to a more detailed investigation of
the flattening effect of the axion’s effective potential at high energy scales and lead
to more justifiable allocation of values to the at-present arbitrary energy scales in
the derivation and results.
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7.2 The Bosonic String Axion
The primary result of this section of the thesis is to derive a non-perturbative
formulation for the effective action of the bosonic string including the string axion,
on the worldsheet, (6.86). We showed that a viable solution of this (6.87)) is
conformally invariant and therefore suitable for consideration in string cosmology.
We achieved this demonstration of conformal invariance in a non-perturbative
manner, by demonstrating homogeneity of the beta functions with time; combined
with field rescaling to allow for cancellation of all terms. This contrasts with the
conventional method in string cosmology of canceling a perturbative expression for
the beta functions up to some order in α′. We find that a configuration for (6.87)
is given by:
gµν(X
0) = diag
(
κ0
(X0)2
,
−κ0
(X0)2
,
−κ0
(X0)2
,−κ0
)
Bµν(X
0) = (δµ1δν2 − δµ2δν1) κ0h0
2(X0)2
φ(X0) = φ0 ln(X
0). (7.3)
In this we have assumed a form for the antisymmetric field strength such that
H012 = − κ0h0(X0)3 and thereby limiting this parameter to one particular spacetime
configuration (hence anisotropic). In this h0 is the constant field strength of the
bosonic string axion. Motivated by optical anisotropy, we insert this configuration
(7.3)into a one loop effective action in target space where the antisymmetric
tensor has been coupled to the electromagnetism via a modified field strength
such that H˜ρµν = Hρµν +
1
M
A[ρFµν] where M is the string mass scale and Fµν is the
electromagnetic tensor. The result is a logarithmic dependence by the polarisation
on cosmic time as in (6.94). This phenomena is also known as cosmic birefringence
as described in section (5.2.4). The logarithmic dependence of our solution arises
as a result of the power law constraints we established in (6.87), which in turn
were motivated by the need to prove conformal invariance in a non-perturbative
manner. We make several comments on this section of the thesis with a view to
future work.
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• Section (5.2.3.2) noted that the potential for tachyon modes arising in the
theory can be removed by applying supersymmetry. This was not done in
our work and is an obvious extension of the model.
• It was discussed in section (5.2.3.2) that our configuration as above gives rise
to a power law dependence by the scale factors ai with cosmic time, in the
Einstein frame. The predictive powers of the model may be incomplete as
the resulting metric does not support an inflationary scenario other than in a
Pre Big Bang scenario. Further work could involve relaxing our constrain of
considering D = 4 spacetime dimensions and/or considering tachyon modes
in our non-sypersymmetric string model as was done in [82].
• We note the 44
3α′ e
2φ present in our effective spacetime action in the Einstein
frame, eq. (6.58) which derives from the D = 4 case in the general expression
in (5.61). We note this implies a negative cosmological constant relative to
the Einstein curvature term. We do not explore a solution for this and note
that the phenomenological value of our model may be limited if this negative
term cannot be compensated for by other terms in the effective action, the
form of which we have assumed.
• We acknowledge that there is an issue of how to emerge from anisotropic ex-
panding universe described by the conditions (6.54) to a isotropic Minkowski
model. While we do not cover this point in detail, it is possible that a time
dependence on h in (6.27) could address this issue, i.e. the string axion field,
which relaxes to zero in cosmic time: h(t)→ 0.
• The next steps in this part of the thesis would be as follows. We would
develop, as far as possible, a more rigorous demonstration of conformal
invariance of our configuration via closer examination of the higher order
beta functions. We could further generalise the bosonic string action to
incorporate supersymmetry.
Chapter 8
Appendix
8.1 Derivation of Exact renormalisation Group
Equations
The Wilsonian effective action in (2.46) can be written as:
exp(−Sk−δk(Φ)) =
∫
Dϕ exp(−Sk(Φ + ϕ)). (8.1)
The field φ(p) = Φ(p) + ϕ(p) is split into two sectors, with p the momentum
variable:
φ(p) = ϕ(p) for k − δk < |p| ≤ k (the UV modes)
φ(p) = Φ(p) for |p| ≤ k − δk (the IR modes), (8.2)
where φ(p) is zero outside the regions specified in (8.2). Expanding Sk(Φ + ϕ)
around Φ gives, (where the phase space volume within p→ Λ is V = ∫ dDp
(2pi)D
):
Sk(Φ+ϕ) = Sk(Φ)+
1
V
∫
k
δSk(Φ)
δΦ(p)
ϕ(p) +
1
2V 2
∫
k
∫
k
ϕ(p)
δ2Sk(Φ)
δΦ(p)δΦ(q)
ϕ(q)+O(δk)2
(8.3)
In (8.3), the term δSk(Φ)
δΦ(p)
is the derivative of the functional δSk(Φ) with respect to
the function Φ(p). The integrals
∫
k
are defined in D dimensional Euclidean space,
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and where dΩD is the solid angle in D dimensions.∫
k
≡
∫ k
k−δk
dDp
(2pi)D
=
∫ k
k−δk
dΩDp
D−1dp
(2pi)D
(8.4)
If there is an expression f(p2) under the integral in (8.4) such that the integral
only depends on the magnitude of the momentum (p2), we can perform the dΩD
integral to give: ∫ k
k−δk
dΩDp
D−1dp
(2pi)D
f(p2) = ΩDk
D−1δk
1
(2pi)D
f(k2). (8.5)
Thus with these conditions each
∫
k
contributes a factor proportional to δk. In
(8.3) the terms higher than 1
2V 2
∫
k
∫
k
ϕ(p) δ
2Sk(Φ)
δΦ(p)δΦ(q)
ϕ(q) are at least quadratic in ϕ
and therefore the
∫
k
integrals can be evaluated to give a factor of at least (δk)2
in the terms. Hence we use the notation O(δk)2 in (8.3). By substituting the
expansion in (8.3) into (8.1), and expanding exp(O(δk)2 as (1+O(δk)2) we obtain
the following.
exp(Sk(Φ)− Sk−δk(Φ)) =∫
Dϕ exp−
(
1
V
∫
k
δSk(Φ)
δΦ(p)
ϕ(p) +
1
2V 2
∫
k
∫
k
ϕ(p)
δ2Sk(Φ)
δΦ(p)δΦ(q)
ϕ(q)
)
(1 +O(δk)2) (8.6)
The right-hand-side of (8.6) can be evaluated by considering it as a Gaussian
integral with Bij and Ai as matrices, and using the following, where K and K
′ are
constants.
(Πk
∫
dξk) exp−
(
1
2
ξiBijξj + Aiξi
)
= K ×
√
1
det[B]
exp
1
2
(AiB
−1
ij Aj)
= K ′ × exp
(
−1
2
Tr(lnBij) +
1
2
AiB
−1
ij Aj
)
. (8.7)
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We use the following equivalences:
Bij ≡ δ
2Sk(Φ)
δΦ(p)δΦ(q)
Ai ≡ δSk(Φ)
δΦ(p)
ξk ≡ ϕ(p)
Πk ≡ 1
V 2
∫
k
∫
k
, (8.8)
we compute (8.6):
exp(Sk(Φ)− Sk−δk(Φ)) = exp(−1
2
Tr
(
ln
δ2Sk(Φ)
δΦ(p)δΦ(q)
)
+
Tr
(
δSk(Φ)
δΦ(p)
(
δ2Sk(Φ)
δΦ(p)δΦ(q)
)−1
δSk(Φ)
δΦ(q)
)
) +
∫
DϕO(δk)2 (8.9)
In the right-hand-side of (8.9), we assume that the factor δ
2Sk(Φ)
δΦ(p)δΦ(q)
in the logarithm
has been multiplied by a unitary constant of units k2 to avoid taking the logarithm
of a dimensionful parameter. In (8.9), the trace taken over the products of the
matrices Bij and Ai is defined as Tr[...] =
∫
k
dp
∫
k
dq(2pi)DδD(p+ q)[....].
We now evaluate the factor δSk(Φ)
δΦ(p)
in (8.9). The effective action can be expressed
based on the gradient expansion approximation:
S(Φ)eff =
∫
dDx
(
1
2
Z(Φ)∂µΦ∂
µΦ + Ueff (Φ)
)
, (8.10)
where Ueff (Φ) is the effective potential containing the mass and interaction terms
and Z(Φ) contains all fluctuations involving derivatives of the field Φ. Considering
δS(Φ)
δΦ(y)
:
δSk(Φ)
δΦ(y)
=
∫
dDx[U ′eff (Φ(x)) +
1
2
Z ′(Φ(x))∂µΦ∂µΦ− Z(Φ(x))∂µ∂µΦ]δD(x− y).
(8.11)
where U ′eff (Φ) is the partial derivative with respect to Φ(y). Evaluating δ
D(x− y)
under the integral, using integration by parts on the second term on the right-
hand-side and taking
∫
dDx ∂µ (δ(x− y)∂µΦ) → 0 in the integration limits, gives:
δSk(Φ)
δΦ(y)
= U ′eff (Φ(y)) +
1
2
Z ′(Φ(y))∂µΦ∂µΦ− Z(Φ(y))∂µ∂µΦ, (8.12)
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In a constant field configuration Φ0, the factor ∂
µ∂µΦ vanishes and the expression
becomes, in momentum space:
δS(Φ)
δΦ(p)
|Φ0 =
1
(2pi)D
∫
dDy exp(−ip.y)U ′eff (Φ0)
= δD(p)U ′eff (Φ0). (8.13)
The integral in (8.6) is between the values of p = k − δk and k. The δD(p) factor
in (8.13) indicates evaluation only at p = 0 and hence the entire expression for
δS(Φ)
δΦ(p)
|φ0 vanishes when integrated in the shell for Φ = constant as does the entire
term
(
δSk(Φ)
δΦ(p)
(
δ2Sk(Φ)
δΦ(p)δΦ(q)
)−1
δSk(Φ)
δΦ(q)
)
in (8.9), resulting in:
exp(Sk(Φ)− Sk−δk(Φ)) = exp
(
−1
2
Tr(ln
δ2Sk(Φ)
δΦ(p)δΦ(q)
)
)
+
∫
DϕO(δk)2. (8.14)
Evaluating the trace in (8.14) as:
Tr(f(p, q)) ≡
∫
k
dp
∫
k
dq(2pi)DδD(p+ q)(f(p, q)), (8.15)
and the delta function in (8.15):
Tr(f) =
∫
p
δD(0)f(p,−p), (8.16)
we use the identity δD(p) =
∫
dDx exp(ipx) and that δD(0) =
∫
dDx = VD where
VD is the volume integration over space-time in the D dimensions (assumed to be
finite):
Tr(f) = VD
∫
p
f(p,−p). (8.17)
Using f(p, q) = ln δ
2Sk(Φ)
δΦ(p)δΦ(q)
, (8.14) becomes:
exp(Sk(Φ) − Sk−δk(Φ)) = exp
(
−VD
2
∫
p
ln
δ2Sk(Φ)
δΦ(p)δΦ(−p)
)
+
∫
DϕO(δk)2.
(8.18)
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The
∫
p
in (8.18) can be evaluated as in (8.5) as the field is quadratic in p and
substituting into (8.14) gives:
exp(Sk(Φ)− Sk−δk(Φ)) = exp
(
−1
2
ΩDk
D−1δk
VD
(2pi)D
ln
δ2Sk(Φ)
δΦ(p)δΦ(−p)
)
+∫
DϕO(δk)2 (8.19)
We now take the logarithm of both sides, using on the right-hand-side ln(x+ ) =
lnx +  given x  (or in this case δk  (δk)2). We then divide both sides by a
factor of δk and finally take the limit as δk → 0. This limit produces the derivative
with respect to k on the LHS of (8.14), that is:
∂k Sk(Φ0) = lim
δk→0
(Sk(Φ0)− Sk−δk(Φ0))
δk
. (8.20)
On the right-hand-side of (8.19), the O(δk)2 factor vanishes in this limit to give an
exact form for the variation of the action with cutoff momentum or energy scale:
∂kSk(Φ0) = −1
2
ΩDk
D−1 VD
(2pi)D
ln
[
δ2Sk(Φ0)
δΦ(p)δΦ(−p)
]
, (8.21)
where here k2 = p2. This is known as the Wegner-Houghton equation, derived in
the path integral formalism, [8].
Considering the effective action in (8.10), we differentiate (8.12) with respect to
Φ(z) with the objective of evaluating δ
2Sk(Φ0)
δΦ(p)δΦ(−p) in terms of the Ueff and Z(Φ).
δ2Sk(Φ)
δΦ(y)δΦ(z)
= [U ′′k (Φ) +
1
2
Z ′′(Φ(y))∂µΦ∂µΦ− Z ′(Φ(y))∂µ∂µΦ
− Z(Φ(y))∂µ∂µ]δD(y − z) + Z ′(Φ(y))∂µ(δD(y − z))∂µΦ. (8.22)
Evaluating δ
2Sk(Φ)
δΦ(y)δΦ(z)
at Φ0, a constant field value, results in the terms containing
∂µΦ vanishing and:
δ2Sk(Φ)
δΦ(y)δΦ(z)
|Φ0 = [U ′′k (Φ0)− Z(Φ0(y))∂µ∂µ]δD(y − z). (8.23)
This can be expressed in momentum space as, using −∂µ∂µ ≡ k2:
δ2Sk(Φ)
δΦ(p)δΦ(q)
|Φ0 = [U ′′k (Φ0) + Z(Φ0)k2]δD(p+ q). (8.24)
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Thus in a constant field configuration Φ = Φ0, (8.21) reduces to, with a static field
potential Ueff (Φ0) and a configuration Uk(0).
∂kUeff (Φ0)− ∂kUeff (0) = −ΩDk
D−1
2(2pi)D
ln
(
U ′′eff (Φ0) + Z(Φ0)k
2
U ′′eff (0) + Z(0)k2
)
. (8.25)
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